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Summary

The research has identified, characterized, and quantified various important domains of
behavior in the nonlinear distortion and disintegration of injected liquid fuel streams. Var-
ious liquid-stream configurations resulting from fuel injectors have been analyzed: conical,
annular, and planar streams with and without swirl; twin-fluid and single-fluid atomizers.
Linear and nonlinear theories of distortion and disintegration have been developed and have
predicted initial stream break-up characteristics. Distinct regimes of ligament break-up and
cellular break-up have been determined. Modulations of both liquid streams and gas streams
have been studied as means of active control. The characteristics of two-dimensional cap-
illary wave phenomena have been determined. The effects of impacting gas jets have been
compared with the Kelvin-Helmholtz effect of parallel jets. Pulsed gas jets have been shown
to be more effective than gas jets as a break-up mechanism. The importance of the rate of
forced stretching of the liquid stream compared to the rate of disturbance propagation in the
stream (i.e., capillary wave velocity or characteristic viscous velocity) has been quantified;
various regimes for the forced stretching have been identified and characterized.

I. Introduction

The research program focused on an extension of previous studies on planar and axisym-
metric swirling and non-swirling annular liquid sheets. Effects of a surrounding gas-phase on
the distortion and disintegration of the injected liquid stream has beeen analyzed for a prac-
tical two-dimensional twin-fluid atomizer configuration. Directly (through a liquid-phase)
or indirectly (via a gas-jet) modulated sinuous (anti-symmetric) and dilational (symmetric)
film distortion have been analyzed and evaluated with respect to the atomization efficiency.

Active control of liquid stream distintegration has been analyzed for three-dimensionally
modulated swirling conical liquid films. The latter configuration is of practical relevance in
state-of-the-art injector systems of combustion engines. In this context, a linear analysis of
three-dimensionally distorting swirling annular liquid films has been performed in order to
provide guidance for the studies of nonlinearly distorting swirling annular and conical sheets
with three-dimensional disturbances. Comparison between linear and nonlinear results for
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the annular case quantifies the influence of nonlinear effects on film distortion and film
breakup.

In an effort to understand better the dynamics of the larger ligaments first detached
from a continuous discharging liquid stream, an analysis of the dynamic stretching of a
two-dimensional liquid film has been conducted. This analysis included the consideration of
liquid viscosity and long range intermolecular forces in addition to surface tension and liquid
inertia.

In the following three sections, we will summarize major findings from the described
analyses of: planar liquid films discharging from twin-fluid atomizers; the capillary stability
of modulated swirling liquid films; and the dynamic stretching of a planar liquid bridge. The
details of the analyses, results and literature reviews are provided in References 1 through
5; since they are not yet in print, copies of References 1,4 and 5 are attached as addenda
to this report. References 6 though 13 are conference papers and a book article, the former
preceeding the primary journal articles (1-5).

I1. Planar Liquid Film Discharging From Twin-Fluid Atomizer

The flowfield in the vicinity of a twin-fluid atomizer has been analyzed numerically. See
Reference 1. Considered is a thin two-dimensional inviscid incompressible liquid film dis-
charging from the atomizer centerline surrounded on both sides by gas jets that impact
symmetrically (in phase) or antisymmetrically (out of phase) onto the discharging film. The
value of the ambient pressure is manifested through the density ratio. Initial film distor-
tion is enforced actively by: 1) modulation of the impacting gas jets (indirect or gas-phase
modulation) with gas momentum components parallel and normal to the liquid stream, 2)
modulation in the liquid-phase at the atomizer exit (direct or liquid-phase modulation) or
3) direct liquid film modulation with superposition of continuous gas streams. The inves-
tigation focused on gas-phase modulated films. Effects of different flow parameters on film
breakup characteristics were studied by varying one of the flow parameters from a given
base-case configuration.

For direct (i.e., gas-phase) modulated films, energy input at the gas-inlet ports was found
to be inadequate in identifying effective film rupture conditions, the latter being characterized
by short break-up length and times at minimum energy input into the system. For the
parameter domain surrounding the considered base case, film rupture was obtained more
effectively by sinuous forcing and subsequent nonlinear sinuous-dilational mode coupling
rather than by dilational forcing at the same average energy flux into the system. Also, it
was observed that intermediate gas-jet pulsing (without underlying continuous gas flow) can
yield the same or larger amplitude disturbances than obtained through wave growth from
continuous jets at the same overall energy input into the system. '

Direct modulation of liquid-phase flow-parameters, i.e. axial or transverse film velocity,
at the nozzle exit is more effective than gas-jet modulation, the latter transferring only a
portion of the modulation energy onto the film. Computational results also indicate that
for direct liquid-phase forcing, dilational modulation (i.e. modulation yielding dilational
film distortion) is more effective in causing film rupture than sinuous modulations, while,
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as noted earlier, the opposite is true for gas-jet modulated liquid films. Also, for liquid-
phase modulated films, admission of ambient gas streams significantly reduces sinuous mode
wavenumbers whereas influence on wavelengths remains small for dilationally distorting films.

For gas-phase modulated films, variations of Weber number, gas-jet-to-liquid-film mo-
mentum ratio, gas-to-liquid density ratio and pulse period were considered and their effect
on film distortion was analyzed. An increase in Weber number from its base-case value
(i.e. from 10 to 25) resulted in stretched band-like films and a delay in film rupture due to
reduced sinuous-dilational mode coupling. On the other hand, reduction in Weber number
(i.e. from 10 to 5) resulted in smaller disturbance amplitudes and larger break-up time and
length despite stronger nonlinear mode coupling manifested by the contraction of the film
into fluid cylinders connected by thinner fluid films. Transverse deflection of the film center-
line for a five-fold increase in density ratio was similar to the one observed for the increased
Weber number case; however, fluid blob formation was still observed.

A five-fold increase in vertical or parallel gas-jet-to-liquid-film-momentum ratio resulted
in “immediate” film rupture caused by the dynamics of the impacting gas jets rather than by
continuous growth of film disturbances downstream with energy transfer from the adjacent
gas-streams.

Variation in pulse period affects film distortion in two ways: It changes the amplitude of
the initial film disturbances generated by the pulsed gas-jets, since increasing the pulse period
provides more time for transverse film movement (due to one-sided gas-jet impact) before
being counter-acted by an opposed gas jet. On the other hand, it alters the wavelengths
of the disturbances generated on the film and therefore the gas-to-liquid energy transfer
downstream from Kelvin-Helmholtz-type wave growth.

At constant gas-to-liquid jet momentum ratio, higher ambient pressure conditions, i.e. higher
gas-to-liquid density ratios, will affect film distortion and disintegration only through changes
in the film dynamics or interface dynamics. If the ambient pressure or gas-to-liquid density
ratio is increased while keeping the gas- and liquid-phase velocities constant, film distortion
is determined by the interface dynamics directly but also indirectly through the changed
gas-phase momentum influx which will affect the force balance at the interfaces. With in-
creasing density ratio, larger sections of the discharging liquid film are being deflected by
the impacting gas jets and film rupture time is greatly reduced. Rupture or rather film
tearing occurs before the development of a wave structure on the discharging film. A similar
behavior is observed if gas and liquid injection velocities are kept constant rather than the
momentum ratio. The density-ratio effects described above are identical in the limit where
the gas-jet-momentum influx is reduced to zero. In that case, i.e. for a liquid film moving
through a quiescent gas, linear (and also nonlinear) theory shows that (temporal) growth
rates of unstable sinuous (and dilational) waves present on the liquid film increase with
increasing density ratio at fixed liquid Weber number.

Details of the described analysis and of the results are provided in the first addendum
(Reference 1) to this report.



III. Capillary Stability of Modulated Swirling Liquid Films

Linear and nonlinear analyses of modulated three-dimensionally distorting thin inviscid
free liquid films discharging into a gas of negligible density have been presented. See Ref-
erences 2, 3 and 4. The nonlinear numerical analysis uses a lubrication model reducing the
three-dimensional problem to a system of two-dimensional unsteady equations. Linear the-
ory for swirling annular films predicts that for We > 2 only one unstable wave is generated
on the film due to its modulation at the nozzle exit. Depending on Weber number and film
radius, linear growth rates for this unstable dilational mode wave might be larger for non-
axisymmetric modes than for the corresponding axisymmetric case. However, for the consid-
ered parameter range, maximum growth rates for a given Weber number and annular radius
are still observed for the axisymmetric case. Modulation of multiple dilational mode waves
at the nozzle exit allows for uniform breakdown of swirling and non-swirling annular films
indicated by the generation of uniformly sized liquid volumes which are uniformly spaced
and connected by thinner liquid layers. Film topology and break-up of three-dimensionally
modulated conical films were discussed. Comparison with the corresponding swirling annular
film shows that for sinuous film modulation, film divergence causes the separation of initially
formed larger fluid blobs into a pair of smaller fluid volumes connected by an even thinner
liquid layer.

On clockwise swirling conical films, spiraling dilational and sinuous waves moving in the
clock-wise direction increase in slope as the film thins out in the downstream direction. The
slope of counter-clockwise propagating waves decreases with downstream distance. The de-
scribed changes in slope can be attributed to a decrease in swirl velocity with increase in
annular film radius downstream that results from the conservation-of-angular-momentum
principle. Based on the location of the initial film rupture points and the thickness dis-
tribution at the time of film rupture, characteristic break-up pattern have been identified
for the cases with pure standing or travelling dilational or sinuous mode waves modulated
at the nozzle. For mixed standing/travelling and sinuous/dilational wave modulation, the
break-up pattern are modified or mixed versions of the patterns identified for the pure cases.
For the investigated cases with travelling dilational or sinuous mode circumferential waves,
superposition with the imposed axial wave results in an oblique wave spiraling clock-wise
downstream on the annular or conical film. Here, initial film breakup occurs simultane-
ously at various points with constant downstream distance. The perforations are expected
to expand along the line of minimum film thickness which results in the formation of liquid
filaments spiraling downstream in the counter-clockwise direction (“filament break-up”). On
swirling annular films with superimposed dilational standing-wave modulations in the cir-
cumferential direction, film rupture first occurs after the formation of larger fluid blobs and
upstream just behind these larger fluid masses. Again, initial film rupture will take place
simultaneously at various locations at the same downstream position. Subsequent expansion
of the film perforations can be expected to generate a more or less circular pattern within
each cell formed by neighboring fluid blobs. This type of film rupture can be characterized
as “cellular break-up”. The same break-up pattern can also be observed for non-swirling
(pressure-stabilized) annular films and for swirling conical films with similar forcing con-
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ditions. However, due to film divergence the “cells” will stretch in the conical case and
film thickness within the cells will be reduced. Therefore, expansion of the film perforation
is expected to occur significantly faster than in the corresponding annular case. However,
initial rupture of the film in the conical case is delayed. Analogous to the dilational case
discussed earlier, initial film perforation for swirling annular films with modulated standing
sinuous circumferential waves takes place just behind the larger fluid blobs. However, in this
case the perforations are expected to propagate in the circumferential direction at a (more
or less) constant downstream distance, ultimately resulting in the detachment of fluid rings
with pronounced thickness fluctuations in the circumferential direction (“ring break-up”).
The similar standing wave sinuous mode modulation imposed onto the conical film geometry
yields a “filament break—uﬁ” pattern. The filaments are spiraling clock-wise in the down-
stream direction. In contrast to the single wave modulation, breakup of these filaments will
be greatly influenced by the existing non-uniform mass distribution along the filaments.

Details of the three-dimensional analysis and the preceeding axisymmetric analysis of
swirling annular and conical films are provided in References 2, 3 and 4. Reference 4 is not
yet in print so a copy is provided as second addendum to this report.

IV. Dynamic Stretching of A Planar Liquid Bridge

A thin incompressible viscous planar free liquid film in a void and under zero gravity was
analyzed by means of the previously developed reduced-dimension (lubrication) approach
extended to include liquid viscosity and long-range intermolecular forces. Linear analysis
focused on films with harmonic modulations in the axial film velocity enforced at the ends
of the planar bridge. Effect of changes in the problem parameters on the overall distortion
characteristics of the film were discussed. Nonlinear film distortion and break-up was in-
vestigated for the case of temporally increasing velocity at the end of the film resulting in
continuous film stretching eventually leading to film rupture. Implementation of the em-
ployed numerical model was validated for the linear limit by comparison with the analytical
linear solutions and for harmonically modulated film-end velocities.

The importance of the film stretching rate in comparison to either the capillary wave
velocity or the characteristic viscous velocity has been demonstrated. If the stretching rate
is large, the distortion signals are slow in reaching large distances from the forced end;
so distortion is confined to a smaller portion of the sheet. For small stretching rates, the
distortion is significant over a larger portion of the film.

For films with an initial length-to-thickness ratio of O(10) and with a time-scale for
film-end acceleration (from zero to maximum pull velocity) comparable to the propagation
time of capillary waves from film end through film center, various distinct film topologies
were observed, depending on Weber number and Reynolds number. Here, film topology is
typically characterized by three distinct regions, i.e. a film wedge forming at the pulling
end(s), the film center region and a transition region. The size and shape of these regions
greatly depends on the particular case under investigation.

For cases with length-to-thickness ratio of O(100) information on the acceleration of the
film ends does not reach the film center region. Here, evolution of film topology is similar
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for all the considered Weber number and Reynolds number combinations; with a more or
less undisturbed film center region smoothly transitioning into a narrow liquid wedge at the
pulling end. For cases with low film-end acceleration, film rupture is significantly delayed
resulting (in all the considered cases) in a significantly stretched film prior to rupture with
or without significant amounts of fluid remaining in the film center region.

Nonlinear film distortion has also been investigated for the continuously compressed
planar film bridge, illustrating the relevance of the film bridge analysis for the contracting and
stretching of a free planar film such as those found in the atomization process of liquid fuels
in typical gas turbine combustors. Film distortion characteristics observed for continuously
compressed planar films conform with observations made by other authors for the similar
case of contracting free liquid films.

Details of the described stretching-film analysis are provided in Reference 5; since it is
not yet in print, a copy is attached as the third addendum to this report.
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Disintegration of Planar Liquid Film Impacted by

Two-Dimensional Gas Jets

C. Mehring®) and W. A. Sirignano®

Department of Mechanical and Aerospace Engineering, University of California, Irvine

(July 23, 2002)

“Abstract

The distortion and break-up. of a thin planar liquid film impacted by two
gas jets while discharging from a tv;:'in-ﬂuid atomizer is studied numerically.
The gas momentum vector has components normal and parallel to the liquid
stream. Viscosity and compreséibility are neglected in both the liquid phase
and the gas phase. The reduced-dimension (lubrication) approximation is
employed to describe the nonlinear distortion and breakup of the thin film.
The gas-phase dynamics are modelled by using a boundary-element-method
formulation. For the considered parameter range and for a given energy ex-
penditure; direct modulation of liquid-phase velocities at the nozzle exit is
found to be more effective in causing film rupture than indirect modulation
via adjacent impacting gas jets. In the former case, dilational film modu-
lation results in shorter breakup lengths than sinuous modulation. On the
other hand, for gas-jet modulated films, sinuous mode forcing is more effec-
tive than dilational forcing for the same energy input. Co-flowing gas streams
significantly alter wavelengths and amplitudes of film disturbances generated
by direct film modulation. Large ratios of gas-jet momentum to liquid-film

momentum result in “immediate” film rupture in response to the dynamics




of the impacting gas jets, whereas for lower ratios films disintegration occurs

further downstream after continuous growth of the initial dist;urba.nces. Film
distortion is characterized by the formation of fluid blobs or long band-like

- films depending on Weber number values and density ratio.
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I. INTRODUCTION

In the past, free liquid films have not been analyzed only for their intriguing scientific
substance but also due to their relevance for a wide variety of technological applications,
including the formation of liquid sprays from fluid films which discharge from so-called at-
omizer nozzles.! The manner in which these films disintegrate into droplets depends upon
the type and geometry of the atomizer as well as on the operating conditions. One com-
mon type of atomizer is described as the twin-fluid atomizer, where the interfaces of the
dlscha.rgmg hquld film are subjected to neighboring gas streams. Here, the main cause of
ﬁlm mstabLhty is 1nteract10n of the film with the surrounding gas flow elther through gas-Jet
meact or continuous growth (a.mphﬁcatlon) of film disturbances via energy input from ‘the
neighboring gas streams.

Subsequently, we review previous work on discharging free liquid films in an ambient
gas phase; some references are also provided considering theoretical or numerical analyses
of periodically disturbed infinite films (also with the effect of an ambient gas considered).
In subsection A, we review analyses dealing with films under steady discharge and ambient
conditions (or boundary conditions). Subsection B addresses previous work on discharging
liquid films with modulations enforced onto the liquid phase. In subsection C, we describe

the flow configuration considered within the present work.

A. Steady-State Discharging Films

Until the recent past, steady-state operational conditions were imposed onto the pre-
scribed atomization systems. Accordingly, the majority of previous experimental and an-
alytical work focused on the aerodynamic stability of these films under steady free-stream
and boundary (e.g., inflow and outflow) conditions.

Arai & Hashimoto?? and Hashimoto & Suzuki* presented experimental results on the

three-dimensional breakdown of a planar liquid sheet in a high-speed co-current uniform



gas stream under steady-state conditions; more extensive analyses of a similar configuration
were later conducted by Mansour & Chigier,>® by Stapper et al.”® and discussed by Fernan-
des et al®. In Ref. 9, the authors illustrate that effectiveness of atomization depends not
only on gas-to-liquid momentum ratio but also on film thickness, which is attributed to the
observation that, for effective film disintegration, the characteristic length scale of pertur-
Dbations should be of the order of the film thickness. The authors also observe that, for high
liquid momentum, the effect of viscous shear on film breakup is confined to a thin region
near the gas-liquid interface. In this case, atomization can be improved by subefposition
of a.rtlﬁmal ﬁlm" quulations which can cause disturbances of the inner core. Even though
e:%témé;l hquld Ua.n'd gas-phase modulation via piezoelectric transducers or loudspeakers is
described in Ref. 9, no results have been presented under such forcing conditions.

Within their work, Arai & Hashimoto® also presented a perturbation analysis of the
corres‘ponding inviscid three-dimensional boundary-value problem. A linear analysis based
on the Orr-Sommerfeld equation was also attempted by Hashimoto & Suzuki.* Ibrahim &
Akpan!® presented a three-dimensional linear analysis of a periodically disturbed planar
viscous liquid sheet moving in an inviscid gas medium and with axial and transverse sheet
disturbances.

Kawano et al.!! investigated annular liquid films discharging from a two-fluid atomizer
under various steady-state conditions. The authors also provided a linear temporal analysis
for inviscid incompressible annular films subject to unequal gas velocities on both sides of
the annular film. A similar, experimental analysis was reported later by Berthoumieu et

al. 12,13

Few nonlinear analyses of planar sheets with surrounding gas streams have been reported.

11718 employed discrete-vortex methods to

Rangel and Sirignano! and later Lozano et a
describe the nonlinear distortion and rupture of two- or three-dimensionally distorting liquid
films in a co-flowing gas stream.

The nonlinear calculations conducted in Ref. 14 revealed that: 1) oscillating (stable),

sinuous modes exist at gas-to-liquid density ratios of order 1, and 2) sinuous distortion may
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result in ligaments interspaced by half of a wavelength, whereas dilational distortion may
result in ligaments interspaced by one wavelength. These break-up features were already
described by Dombrowski & Hooper!® and identified later by Jazayeri & LiS.

In Ref. 17, aerodynamic growth of antisymmetric (sinusoidal) streamwise sheet distur-
bances with superimposed symmetric (dilational) or antisymmetric disturbances in the trans-
jerse direction was studied, in order to better understand the presence of transverse and

longitudinal filaments observed in liquid sheet air-assisted atomization experiments. For

both initially sinusoidal or dilational transverse sheet dlsturba.nces ﬂattenmg of the sheet in - -

_ the transverse d1rect1on is reported The formatlon of strea.mwme tubular sectlons mth pomt L

edges is predlgted when botff; aar/_hquld mtexjfaggs _touch ggchypther a.t p01nt§‘;nterspacgd by '
one wavelength in a plane perpendicular to i:he main ﬁow (i.e. streamwise) direction. As
illustrated, and due to the fact that gas and liquid velocities are assumed to be initially
oriented in the streamwise direction, the transverse perfurbation grows at a slower rate than
the streamwise one whose initial growth is exponential (by linear theory). Accordingly, the
transverse perturbation growth rate might be insufficient to generate streamwise filaments.
In this context, oblique waves have been studied!® and were found to contribute to the evolu-
tion of a finite amplitude transverse wave starting from infinitesimal perturbations. Surface

tension effects and edge effects were addressed very briefly in Ref. 18.

B. Modulated Discharging Films

More recently, atomization systems are being developed that aim at an active control
of the film disintegration or overall spray formation process in order to optimize certain
parameters within in the overall system (e.g., NO, reduction in spray combustion of fossil
fuels9). Several experimental and theoretical analyses have addressed this interest.

The spatial stability of thin liquid sheets subject to forced vibrations applied to the nozzle
was first investigated by Hagerty & Shea?! and later by Crapper, Dombrowski & Pyott.?® The

latter authors used the dispersion relation derived by Squire,?? in order to analyze the spatial



(aerodynamic) growth of sinuous disturbances. Comparison of the theoretical results with
experimental observations revealed considerable discrepancies: 1) unstable waves were found
~ at frequencies where linear inviscid theory (based on spontaneous growth of infinitesimally
small perturbations) predicts stable waves, and 2) the wave growth saturates (i.e., the wave
amplitude eventually no longer grows) as the waves propagate away from the orifice, even
_for wavelengths which are unstable by the employed linear theory. The latter phenomenon
was attributed to the formation of vortices cast off from the wave crests and moving into
the troughs.

 After Cfé.pper et al.,20 Asare, Takahashi & Hoffman® also investigated the staiilify of -
liqﬁid‘ZSheets,‘ harmonically forced at the nozzle (sinuous disturbances only). Their: expéﬁ¥
menfal results (for thin and thick sheets and variable air pressures) agreed well with Iinea.r.
theory??? if the disturbance amplitudes were small and if the observations were made near
the nozzle exit. As a result of nonlinear effects, deviations between experimental observa-
tions and linear theory were more pronounced at larger downstream positions and for higher
forcing amplitudes. Similar to the observations made by Crapper et al.,? the wave envelope
amplitude appeared to saturate at large falling distances, i.e. where the sheet jets begin
to break up. Asare et al.? also provided a simplified trajectory theory based on the force
balance for a fluid particle in the crest of a propagating wave. The initial wave envelope
amplitudes predicted by this simplified theory agreed well with experimental results and the

employed linear theory.

The questions on the discrepancies between linear theory and experimental results raised
in Refs. 20 and 23 were subsequently addressed in Refs. 24 and 25. Crapper, Dombrowski
& Jepson?* presented a linear analysis for both sinuous and dilational waves on thin viscous
liquid sheets in a viscous gas flow (with focus on sinusoidal waves with wavelengths much
longer than the sheet-thickness). They found that liquid viscosity has no effect on the initial
wave growth. Furthermore, gas viscosity was found to extend the region of instability over

a greater range of frequencies than that given by the inviscid theory; which, as stated in
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Ref. 24, might explain the discrepancy with respect to this issue found in Ref. 20. Crap-
per et al.?* also observed that by their linear viscous theory (i.e. viscous gas and liquid
phases), a maximum growth rate ‘does not always exist, which (as stated) indicates that, for
these situations,-the experimentally observed waves cannot be the fastest growing as hith-
erto suggested (for example by Squire??) but must be imposed on the sheet by some other
‘means, e.g. by a natural frequency of the apparatus. The importance of nozzle vibrations in
practica.l applications was subsequently demonstrated by Crapper & Dombrowski.?® Capil-

la.ry waves on pla.nar liquid sheets ema.natmg from a nozzle or atomizer were also observed

a.nd mvestlga.ted expenmenta.lly by Hashlmoto & Suzukl4 a.nd held responsible by Cla.rk'

‘--&: -Dombroevskl26 for the prescnbed d1$crepa.ncy between thexr theoretical (mﬁmte-sheet)
a.na.lysm and expenmenta.l results for fan sheets.

- More recently, an experimental study on modulated discharging films was also presented
by Chung et al.2” The authors provided an extensive study on disintegrating conical lig-
uid films subject to piezoelectric transducer modulations inside the nozzle. The effect of
transducer modulation on liquid film disintegration was studied for different fluid viscosi-
ties, driving frequencies and input perturbation powers. An optimum driving frequency was
identified at which liquid sheet breakup length is shortest. Increased liquid viscosity was
found to render liquid modulation less effective delaying liquid film disintegration. Higher
input modulation power enhanced liquid disintegration. The authors suggest that break-up
length is a function of cosh™! of input power.

The linear analysis of a sinuous and/or dilationa.lly'distorting viscous liquid film in a
co-flowing ambient inviscid gas has .been presented recently by Mitra et al.?® For large
Weber numbers (and by using Gaster’s relation?®), the authors extend their analysis to
liquid films discharging from a nozzle or atomizer. Film breakup lengths and interface
profiles are reported for various combinations of Reynolds number, Weber number, gas-
to-liquid density ratio, gas-to-liquid velocity ratios and phase angle ’between sinuous and
dilational mode disturbances; always assuming the presence of sinuous and dilational mode

waves with maximum growth rates. Computational results are compared with experimental
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observations made by Jazayeri and Li,%° indicating the inadequateness of their linear theory
for large amplitude disturbances, i.e. when nonlinear effect become important. In fact,
film breakup as predicted by the described linear analysis solely depends on the dilational
mode and is independent of any sinuous mode disturbances. However, large amplitude
sinuous mode disturbances have been shown in Ref. 37, as well as by Jazayeri and Li'® to
cause significant dilational film distortion due to nonlinear sinuous-dilational mode coupling.
Consequently, any predictions for film break-up length based on linear theory has to be
considered with great caution.

Slmllar to th_e described linear analysis for viscous ﬁlmé, Jazayeri and Li*! also extended
their nqn'l‘inea.fiéna.ly-sis of Ref. 16 on inviscid Hqﬁid films. As in Ref. 30, the authors
used Gaster’s relation?® to transform the results of their temporal analysis into a spatia;l
a.xialysis describing the nonlinear distortion of a discharging liquid film into a quiescent
ambient gas. Based on this transformation, the authors determine nonlinear film break-
up lengths under various operating conditions. Analogous to Ref. 30, the results from
the perturbation expansion of Ref. 31 for the spatially developing film always assume the
. presence of only the dominant wavenumber at the nozzle. The results obtained for the
spatially developing film by using the perturbation analysis of Ref. 31 are only valid for large
Weber numbers and liquid films that discharge into an overall unrestricted quiescent ambient
gas. Practical twin-fluid atomizers do not conform to this assumption. In context with the
large Weber number assumption, it is worthwhile to notice that dilational capillary waves on
thin films are dispersive in nature with increase in wave velocity for decreasing disturbance
wavelength.3” Consequently, for finite Weber number values, propagation velocities of shorter
wavelength disturbances will always deviate from the film discharge velocity. Also, results
for spatially developing films obtained from a temporal analysis via transformation using
Gaster’s relation?® do not consider the physical constraints imposed at the nozzle exit in a
practical situation.

The noniinea.r analysis presented here differs from the analysis presented in Ref. 31. The

employed nonlinear model is based on the assumption of thin films and is exact in the limit
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of an infinite value for the ratio of disturbance wavelength to undisturbed film thickness.3”
Considered is the initial-and-boundary value problem of a semi-infinite sinuous and/or dila-
tionally distorting inviscid liquid film discharging from a practical twin-fluid atomizer (with
adjacent gas-stream) into a planar channel. Liquid film modulation is enforced by imposing
forcing conditions onto the discharging gas streams which impact the liquid film from both
sides at a specified angle. Direct modulation of the discharging film via modulation of the
liquid-phase velocity at the nozzle exit is also considered. A more detailed description of
the employed model is given below.

Tt should be noted here, that the active controlia.ﬁd bre_a.k-up of cyhndnca.l liquia Jets v1a. ‘
liquid vphase modu-lation has a longer history than Fhe"malysié‘ of mbliﬁla.ted ]iqﬁid ﬁlms The T
first dvetailed experiméntal and (linear) analytical studies of modulated discharging liqﬁid jets
were conducted by Pimbley,3? Pimbley and Lee®® and Bogy®* motivated by its application
in ink-jet printing. More recently, Hilbing and Heister®® analyzed modulated discharging
nonlinear liquid jets in context with the likelihood of droplet recombination downstream
from the initia:i jet pinch-off point. Modulation of microjets has currently received attention
in context with micro-dispensing systems for pharmaceutical products and m context with
the formation of precision powders having very uniform particle size. For-a more complete

review of previous theoretical work on free liquid films and jets, the reader is referred to

Ref. 43.

C. New Configuration under Investigation

The present study is a continuation of previous work by the authors.?® In particular,
the present analysis considers the general sinuous and/or dilational nonlinear evolution of a
thin semi-infinite planar liquid film downstream from a twin-fuid atomizer and under the
influence of capillary and aerodynamic effects. The numerical model employs the reduced-
dimension approach of Ref. 37 to describe the thin planar sheet and a Boundary-Element

Method (BEM) formulation® for the inviscid incompressible gas streams impacting onto the



film from both sides of the injector centerline.

The unsteady Bernoulli equation in combination with the boundary-element method
is used to determine the instantaneous gas pressure at the liquid-gas interfaces which is
needed within the lubrication equations governing the liquid phase. The use of a discrete
boundary-element method for the gas phase allows the consideration of practical applications
_where liquid streams are injected into a gaseous flowfield with its own physical constraints
or boundary conditions. The latter is of particular importance with regard to the compli-
cated flowfields within and/or around fuel injection elements or atomizers used for spray
combustioﬁ purposes, e.g. preﬁlming airblast atomizers.

The partlcular injector conﬁguratlon considered in this work is shown in Fig.l.

A thin liquid film is injected from a two-dimensional slit-nozzle located in the symmetry
plane of a two-dimensional twin-fluid atomizer. The liquid film is impacted on both sides by
gas-jets discharging from two inlet ports angled with respect to the film discharge plane at
an angle @. Both liquid film and gas streams are injected into a two-dimensional channel.
The width of the gas-jet inlet ports is s, the channel width is H and the width of the liquid-
phase nozzle is h. For the analysis, the coordinate system is fixed to the nozzle exit with the
y—axis located within the film discharge plane and the z—axis coinciding with the symmetry
plane of the atomizer. For the spatially developing semi-infinite liquid film, capillary waves
generated by the impacting gas jet do not reach the outflow boundary of the computational
domain during the computation.

The specification of liquid-phase boundary conditions at the nozzle exit follows previous
work by the authors on discharging semi-infinite films without gas-phase effects.’” In Ref.
37, liquid film modulation was imposed only locally at the nozzle (z = 0). The number of
boundary conditions specified at the nozzle was chosen according to linear theory and by
employing the Sommerfeld radiation condition. The latter condition excluded any wavenum-
ber solution with negative group velocity that resulted from the specific forcing frequency.
Within the present investigation, the presence of a non-zero density incompressible ambient

gas and/or impacting gas jets downstream from the nozzle exit plane allows generally for
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capillary waves with negative group velocities effectively resulting in upstream energy trans-
port on the film. However, within this work liquid-film injection velocities are assumed high
enough so that upstream energy transport and upstream wave propagation across the nozzle
exit plane can be neglected, eliminating the need to specify additional reflective boundary
condition at this boundary. Nevertheless, it should be recalled that the incompressibility
_assumption within the gas-phase implies that the speed of sound is much larger than the
the wave speed of any capillary waves observed on the liquid. So signals may propagate
upstrea.m (and downstream) through the gas..

Certa.m boundary condltlons ha.ve been 1mposed w1thm the gas phase Gas—phase velocity
components normal to sohd-wa.lls ha.ve been set to zero (1 e along the walls of the dlscha.rge :
channel and the atomizer). This 1mp11es that, in the boundary-element analysis, the gradient
of the velocity potential normal to these boundaries is zero. Parallel outflow conditions have
been specified within the gas-phase. In particular, the value of the velocity potential has
been prescribed as ¢ = 0 at the nozzle exit on both sides of the liquid film.

Gas-jet injection at the two gas-jet inlet ports has been specified, in general, according
to

t
Ug,2(t) = z Ug;o SID [7r(——- — (2n +nga2))] for (2n+mg,2) < -f < (2n+1+ng12)
n=0 P

and wugo(t) = ,  otherwise. (1)
Here T, denotes the pulse period and subscripts 1 and 2 refer to the lower and upper gas
jets, respectively. The prescribed forcing function indicates that a gas-jet puise of period
T, at either inlet ports is followed by an equal-time period where there is no pulse for that
particular port. Parameters ng,; 2 describe any time delay or phase-shift in the pulsing of
the gas jets at the lower (1) and upper (2) injection ports. In this analysis ng,; = 0 always,
whereas 74,2 ranged from 0 to 1. Note that gas jet pulsation with ng; = ng, = 0 will always
result in dilational film deformation whereas ng1 = 0 and ng, = 1 will generate initially

(predominantly) sinuous film distortions.
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II. GOVERNING EQUATIONS

With the prescribed boundary conditions, the solution to Laplace’s equation within the
gas-phase is determined if the instantaneous location of the liquid-gas interface and the
velocity component normal to this interface is known. More precisely, using the discrete
boundary-element method, the solution for the gas-phase velocity potential @, 2 at a given
“Point within or on the boundaries of the gas-phase domains in Fig. 1 is determined by defining
contributions of sources from all nodes along the boundary of each domain. Note that for
dﬂatmna.l i.e. symmetric, film dlsturba.nces a boundary-e]ement solution has to be obta.med :
only for gas-phase region on one side of the liquid film. The flowfield on the opposn:e s1de : ‘
of the film is then merely a mirror image of the calculated one. However, for more genera.l
film disturbances, boundary-element solutions have to be computed simultaneously for both
gas-phase regions, i.e. above and below the thin film.

The BEM approach adopted here to solve the gas-phase flow field follows the method
proposed by Brebbia.3®

The integral representation of Laplace’s equation for the gas-phase velocity potential

Pg;1,2 may be written as

ady(75) +/ [ng— - qG’] dl' =0
where ¢,,12(7;) is the potential at a point 7; in the gas-phase region below (1) or above (2)
the liquid film, I'; » denotes the boundary of the particular domain, g2 = O¢g;1,2/0n is the
gradient of ¢,12 on I';2 normal to the particular boundary, o is a constant (for a given
node), and G is the free-space Green’s function corresponding to the governing equation.
Since the above equation involves an integration only around the boundary I'y and/or Ty,
we need not discretize the entire gas-phase domain. It is presumed that either @g,12 or g1 2
is specified at each ‘node’ on each boundary while the other quantity is returned as part of
the solution. Details regarding the BEM solution procedure can be found in the appendix of
Ref. 39, together with validation simulations of the employed method for two steady-state

problems.
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Coupling between the gas and liquid phase is described through kinematic and dynamic
boundary conditions at the phase interface. Kinematic conditions are represented by the
instantaneous interface locations and the normal velocity of the interfaces; this affects the
solution for-the velocity potential in the gas phase above-and below the thin film. On the
other hand, the flowfield iﬁ the gas phase impacts the liquid film distortion through the
Elyna.mic condition at the interfaces, requiring that the pressure inside the liquid balances
with the pressure on the gas side of the interface combined with the capillary pressure.

The equations governing the nonlinear film distortion are Eqs. (2.10) through (2 16) o£

‘ Ref 37, whlch can be combined to y1e1d

-
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where f, and f. are given by
o\2 ogoy 1(05\2"
_ Y 9y Y
fe= [1 + (62) * 5% oz Oz T (6:1:) ] ! (6)

with additionals term appearing on the right-hand-side of Eqgs. (3, 4) due to the nonzero gas

pressures Dg,+ and p, _ along the upper (+) and lower (—) interfaces. In the above equaﬁons
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i is the sheet thickness, 7 is the sheet-centerline location in the transverse direction, and @
and 7 denote the axial and transverse film velocity averaged over the film thickness. The
underbraced terms in the original Eqgs. (3, 4) identify nonlinear coupling terms between
sinuous and dilational film disturbances (or capillary waves) for the general nonlinear case
resulting from capillary forces. Note that in the nonlinear case f. depends on both ¥ and
K (see Eq. 6). Mode coupling is also influenced by the surrounding gas flow represented in
Eqs. (3) and (4) by the gas pressures p, + and p,,— along the gas-liquid interfaces. Egs. (2)
through (5) are valid for thin mv1sc1d mcompressxble liquid films. Here “thin” implies that
,the ﬁlm thlckness his small compared to the wavelength of any disturbance appearlng on
the ﬁlm mterfaces A conmse derivation of Eqs (2 -5) has been presented in Ref. 39 and in
Ref. 37, as well as in Ref. 40 for the more general case of thin annular films. For dilationally
distorting films, we have ¥ =0, 7 = 0 and p,,+ = p, — so that Egs. (4) and (5) are identical
to zero with fi = [1 + (8§/0x)?/4]~%2 in Eq. (3). Egs. (2, 3) and Egs. (4, 5) are decoupled
by linear analysis, governing linear dilational mode disturbances (i.e. T and §) and linear
sinuous mode disturbances (i.e. 7 and %), respectively.

The unsteady Bernoulli equation provides a relationship between the pressure in the gas

phase p,.1 2 and the velocity potentials ¢g;1 2 governed by V¢, 5 = 0:

a¢ T4y 1
.#12- + 2 (V<i>g;1,2)2 == (pg;l»i’ - pg;l,z) )

where p)., , = fctn(t) is the stagnation pressure in the gas below (subscript 1) and above
(subscript 2) the liquid film. The gas densities on both sides , p,1 and p, 2, were assumed to
be equal; the static pressure at the outflow boundary has been prescribed at a constant value
(referenced at 0 Pa). Consequently pl; , = 3(V45%,)? in Eq. (7) since ¢3f, = 0. Evaluation
of Eq. (7) at the liquid-gas interfaces governs the gas pressure p,+. The adjustment of
pg;u(t) is employed in order to prevent transverse film deflection at the outflow boundary,
particularly for non-symmetric, i.e. mixed or sinuous mode film pulsing due to the non-zero
pressure difference across the undisturbed film. Note that properly prescribed variations

in the outflow static pressure or total pressure in both gas regions could be used to model
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the effects of combustion instabilities (i.e. acoustic resonant oscillations) on the breakup
of the injected liquid fuel film. Such an analysis has already been presented by Hilbing et
"al.#! for finite length liquid jets using a boundary-element method to describe both liquid
~and gas phases. A similar analysis for the case of semi-infinite thin planar films would
require modifications of the specified outflow conditions and possibly inflow conditions for
the discharging liquid film.
The kinematic interface condition governing the motion of the phase interface is implicit

in Eq. (2) Whlch governs mass contmmty for the hqmd phase.

From Eq. (7) we observe tha.t in ordet to evaluate the loca.l gas pressure, 6959,1 2/6t has

to be known a.long the interface. Here the Iocal values of thlS t1me-der1vat1ve a.re ob a.med s

J'~ o

explicitly using previous values of ¢, » at the 1nterface and at the same downstream location.
This corresponds to the analysis presented by Spangler, Hilbing and Heister,* who a.nelyzed
the two-dimensional planar sheet problem by using a BEM for the solution of Laplace’s
equation in both gas and liquid phases. Those authors tracked the motion of the nodes at
the liquid-gas interface only in the direction vertically to the liquid stream or jet.

Egs. (2) through (7) have to be integrated in time which also includes the simultaneous
solution of Laplace’s equation for ¢,;; and ¢, at each time step. The procedure begins
with the solution of Laplace’s equation for ¢, by using the current interface locations
and the velocity normal to the interfaces, i.e. 8@y,12/0n. The solution gives the values
of the velocity potentials ¢4, and ¢, along the two interfaces. "This information permits
the updating of the gas pressures p,+ using Eq. (7). The newly determined gas pressure
can now be used within Eqs. (3) and (4) which in combination with Egs. (2, 5) is solved
to update the interface locations (including the locations for the BEM surface nodes) and
the velocity components normal to the interfaces. By repeating this procedure at each time
step, the film shape can be determined at all times prior to droplet pinch-off. The prescribed
solution procedure, illustrated schematically in Fig. 2 for the dilational case, closely follows
the procedure employed by Spangler, Hilbing and Heister*? who analyzed the nonlinear

evolution of an axisymmetric liquid jet by using a boundary-element method (BEM) for the
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solution of Laplace’s equation in both gas and liquid phases and by employing the unsteady
Bernoulli equation in both phases along the interface.

Note that the solution procedures employed for the gas-phase (discrete BEM) and the
liquid phase (reduced-dimension analysis) solve for nondimensional quantities. Both solution
methods use the thickness of the film as characteristic length for the nondimensionalization.
_The characteristic velocity for the reduced-dimension analysis of the liquid film is the capil-
lary velocity us = /o /(2ph) which eliminates the Weber number from the nondimensional
forms of Egs. (3, 4). u, is the velocity at which small amplitude sinuous capillary waves
travel aiong a planar liquid film.3? For the BEM solution of the gas-phase velocity "Boten-
tia'l,‘ and the unsteady Bernoulli equation in the gas phase, the maximum gas-jet mj?:ctidn |
velocity is used as the characteristic velocity. ' .

With the prescribed non-dimensionalization, the following (nondimensional) flow pa-
rameters are to be considered: (1) The ratio of maximum gas jet momentum to liquid film
momentum M = pyu2 ;s/(pufh), (2) the nondimensional square of the film injection veloc-
ity or liquid-phase Weber number We; = pju?h/o, (3) the gas-to-liquid density ratio Pe/ Pt
and three geometric parameters, i.e. the gas jet injection angle , as well as s/h and H/h
denoting the ratios of gas-jet inlet port width or discharge channel width to the thickness
of the undisturbed liquid film, respectively. Within the present analysis the parameters M
and o have been replaced by My = Mcoso and M| = Msin @ representing the maximum
values of the gas jet components parallel and perpendicular to the undisturbed liquid film.
The former is relevant for the initial generation of film disturbances, while the latter can
cﬁuse amplification of an existing disturbance through Kelvin-Helmholtz wave growth.

From Egs. (3, 4) we see that, within the considered inviscid model, the gas-phase influ-
ences the liquid-phase dynamics solely through the static pressure at the interfaces p, 1. Its
nondimensional value p} .. = p,+/(p u2) within the nondimensional form of Egs. (3, 4) can
be expressed in terms of the nondimensional pressure pf{fi = pg,+/ (O.Spgug;o) obtained from

the solution of the unsteady Bernoulli equation along the interface,
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* 1 ) ,0 # .
Poe =75 ,52 Pox (8)

The nondimensional parameter of interest in this expression is the product formed by the
gas-to-liquid density ratio p,/p; and the ratio between the maximum gas jet velocity ug0 and
the capillary velocity u, on the liquid film. For practical applications this product is of the
order one. In particular, for a water sheet with a thickness of 0.2mm at 20° C (i.e. 0 = 0.0727
N/m and p; = 998 kg/ms), and a co-flowing gas stream with p, = 1.2 kg/m® moving at 15

, m/s, the prescnbed nondLmensmnal value is Poudo/ (p,u2) =1 5 Pguid / (pru2) = 2M Wey h/ s
represents the ratlo of aerodyna.mlc forces exerted on the hquld-gas interface to ca.pllla.ry

- forces As a pa.rameter relevant to the gas/hqmd ﬁeld governmg equations, it does not
contam any geometncal pa.rameters w1th exception of the ﬁlm th1ckness Due to the different
choices made for the characteristic velocities in the nondimensional equations for the gas
and liquid phases, ugo/u, is another nondimensional parameter relevant to the problem.
However, since ug,/us can be expressed in terms of We;, M, s/h and py/p;, the density
ratio p,/p; has been chosen as the second (geometry independent) nondimensional quantity
relevant to the field equations. Note that, if ugo # u,, the same nondimensional time-steps
for the numerical procedures eﬁlployed to solve the liquid- and gas-phase equations implies
different physical time steps. Consequently, and since the capillary velocity u, is in general
smaller than the velocity ug,, subiteration for the solution of the liquid-phase equations is
needed (if the same nondimensional time-step is used) or the nondimensional time-step for
the liquid-phase analysis has to be adjusted to the one employed for the BEM"solutien of
the gas phase. Note that parameters p,/p; and pyuZy/(pui) are essential to the problem or
field equations, while other nondimensional parameters such as o, s/h and H/h depend on

the particular atomizer configuration.

Model Validation and Numerical Accuracy
The various components of the numerical model employed within this analysis and dis-

cussed above have been benchmarked independently. Implementation of the boundary-
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element method has been validated by predicting the flow across a cylinder and a NACA
airfoil énd by comparing the computed pressure distributions with analytical and experimen-
tal results, respectively. Here, the pressure across the different shapes has been evaluated
by using-the steady-state Bernoulli equation.- The liquid-phase model (without gas-phase
coupling) has been analyzed in detail within previous work, including an analysis on the
aaccuracy of the employed thin film approximation or long wavelength assumption close
to the point of film pinch-off where short wavelength contributions can be present. The
latter has been accomphshed by companson of the computed results for an infinite period-
1ca.11y dlsturbed hquld film with solutxons obtamed from a two-dimensional dlscrete-vortex
method 3743 Accuracy in the evaluation of the unsteady term within Eq. (7) has been estab-
lished mdependently by comparing the pressure distribution along the surface of an object
placed into a gas stream with the pressure distribution predicted for the same object now
moving with the same relative velocity in the same but quiescent gas. With respect to the
pressure evaluation within the gas-phase, the latter case is unsteady (due to the moviﬁg
boundary) and 9¢,/dt # 0, whereas in the former (steady) case, 0¢,/0t = 0.

Note that the angled-derivative scheme® employed here and in Ref. 40 for the solution
of the liguid film equations is second-order accurate in time and space. Numerical solutions
for the pure convection equation showed that this scheme is superior to the Lax-Wendroff
Method with Richtmyer splitting previously employed in Ref. 44, as it produces significantly
less numerical diffusion for this test case. The latter feature is essential if details of the capil-
lary wave propagation along the liquid film are to be predicted accurately. More information

on the numerical method can be found in Ref. 45.

II1. RESULTS

Base Case Analysis
Fig. 3 shows a dilationally distorting liquid film subject to the forcing conditions imposed

onto the gas jet inlet velocities ug;; and ug.» according to Eq. (1) at the lower (1) and upper
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(2) gas-inlet ports, respectively. Here, both lower and upper gas jet pulsations are in phase
so that né,l = ngp = 0. This pulsing sequence, i.e. one gas pulse of time period T,
followed by a ‘resting-period’ T, without gas flow is subsequently described as the base-
case pulsation. Problem parameters for this case, subsequently referred to as base-case
conditions are My = M, =1, p = py/p = 0.0012, We; = 10 and s/h = H/h = 10. For all
results presented in this analysis, grid-size and time-step independence has been verified by
successive time-step reduction and mesh refinement (i.e., addition of computational nodes
within the bounda.ry—element a.na.lysw) ) : , _ :

F1g 4 shows the dilationally distorting hqu1d ﬁlm for the similar case but a modlﬁed
gas-Jet moduIatlon. Here, gas jet pulses of penod T follow 1mmed1ately upon each other
without a restmg—penod. As observed from Fig. 3, the energy provided by the 1mpactmg
gas jets and base-case pulsation is insufficient to break the film, the latter being stabilized
by surface tension. As more energy is transferred onto a given length of the moving film,
this stabilizing effect is overcome and film rupture is predicted at a downstream location of
z/h =106.5 and at a nondimensional time t* = 25.

Assuming base-case parameter conditions as well as base-case forcing conditions for both
upper and lower gas jets, but allowing for a phase shift or time shift of period T, between both
jet pulses, i.e. ng; = 0 and ny o = 1, one obtains an initially sinuous distorting film as shown
in Fig. 5. Note that changing the pulse shape from a sin-function to a (1 — cos) distribution
while keeping the pulse period T, and the overall pulse energy constant does not significantly
alter the resulting film distortion. Recall that, for all the simulations presented here, plug
flow has been assumed at both gas jet outlets. The effect of start-up conditions has been
studied for the sinuous case of Fig. 5. Fig. 6 displays the result for the case where the first
gas-jet pulse (entering the discharge channel from the lower port) was specified according to
Uy = (1 —exp [~t/T%]) ug () with ug, from Eq. (1) and T, = 2.5. As observed from Fig. 6,
the downstream location where film rupture occurs does not change significantly although
break-up times do vary. For the case shown in Fig. 6, the time until film rupture occurs

increased from approximately t* = 16 to t* = 21. However, film pinch-off is still'ﬁ'redicted
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at z/h ~ 45, although the location of the pinch-off within the waveform differs. Variation
of ng. between 0 and 1 (with ngy = 0) produces mixed-mode film deformations (see Fig. 7).
Due to the complexity in the resulting interface topology, the present work focused on the
analysis of dilational and sinuous gas jet pulsations only.

For the cases shown in Figs. 5 and 6, strong nonlinear coupling between sinuous and
dilational modes leads to film breakup close to the nozzle exit. Note that, on average,
the same amount of energy is added to the system as previously for the case with in-
phase pulsing of both jets (see Fig. 3). However with the given forcing frequency and
é.toxﬁii;t conﬁgﬁration, film rupture is more readily obtained indirectly by sinuous fbr(_:ing
and iﬁdgiinear sinuous-dilational mode coupling rather than by forcing film pinch?off directly
by dilational film modulation.

Comparison of Figs. 4 and 5 also shows that sinuous gas-jet pulsation under base-case
conditions (and with base-case forcing) yields even shorter breakup times and lengths than
the dilational case with modified forcing conditions, i.e. without ‘resting-period;’ despite the
fact that, for the modified dilational case of Fig. 4, energy input into the system per unit
time is, on average, twice that for the sinuous case illustrated in Fig. 5. Clearly, the greater
amount of energy provided at the gas-jet inlet ports will not necessarily result in shorter film
break-up times and lengths. More importantly, time history and absolute values of energy
transfer rate from gas- to liquid-phase will determine the effectiveness with which the gas
jets cause large amplitude dilational film distortions, which ultimately cause film rupture.

Sinuous (i.e. out-of-phase) gas-jet modulation will result in larger differences between
the instantaneous gas-phase pressures on both sides of the liquid film. Consequently, more
energy is transferred onto the liquid film than under dilational (i.e. in phase) forcing con-
ditions for the two gas jets. If nonlinear sinuous-dilational mode coupling is strong (e.g.,
for low We; values), sinuous gas-jet forcing conditions will consequently result in faster film
break-up than dilational gas-jet forcing. The importance of nonlinear sinuous-dilational
mode coupling as the determining mechanism for film break-up has already been discussed

for annular liquid films discharging into a surrounding void.*?
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Weber Number Effect

Under conditions similar to those in Fig. 5 but larger Weber number We;, film resistance
to transverse distortion or deflection is reduced (see Fig. 8 for We; = 25); however, at larger

- We;-values, nenlinear sinuous-dilatieral-mode coupling remains weak and the film does not
rupture before it hits the walls of the discharge cha.nnel.- Although impact of the film with
‘the wall should result in rupture, the mechanism and the results will differ from those studied
here. For our purposes, we will consider impact with the walls to be undesirable although
it mxght ha.ve useful consequences in some technologmal apphcatlons ‘

Reduced mode couphng is manifested by stretched—band—hke film distortion rather than'
the formatlon of ﬁmd blobs (cylmders) as found for We; =10 (see Flg 5) and as ﬂlustra.ted
also in Fig. 9 for the case with We; = 5. In the latter case, the smaller Weber number
(e.g. larger surface tension at same discharge velocity and film thickness) stabilizes the film
by reducing transverse film oscillations and consequently also gas-phase pressure variations
along the film in the downstream direction. This results in larger break-up lengths and
times for the smaller Weber number case despite the fact that, for a given sinuous wave
(i-e. Wavelength and disturbance amplitude), sinuous-dilational mode coupling is stronger
for the smaller Weber number (i.e. We; = 5) as illustrated by the underbraced terms in
Egs. (3,4).

Previous analyses of planar films in a zero ambient gas and with film modulations en-
forced locally onto the discharging film at the nozzle exit showed that, at a given imposed
forcing frequency, up to two sinuous mode wavenumbers are observed downstream form the
nozzle. In tne parameter range of interest (i.e. large Weber number and low density ratio)
both of these wavenumbers vary only little in magnitude so that the resulting film distortion

- shows a characteristic beat behavior.3” Such a beat behavior could not be identified within
the present configuration where film modulation is enforced via impacting and/or co-flowing
gas streams. Note however that, in the present analysis, gas jets of a given finite width ’
impact the moving film with a specified pulsation pattern and at a given frequency. In other

words, the various disturbances generated by these jets and their specific wavelengths and
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propagation velocities not only depend on the imposed gas-jet modulation frequency but also
on the gas-jet geometry or gas-jet width; this is in contrast to the analysis of Ref. 37. For
direct film modulation at the nozzle and zero density ambient gas (in Ref. 37), disturbances
of various wavelengths result naturally from the harmonic modulation of the flow variables
at the nqzzle exit. The resulting wavelengths are affected by the imposed forcing frequency
and the liquid Weber number (based on film thickness and film discharge velocity) only.

This raises the question, if film rupture via gas-jet modulation can be optimized by
co-ordinating gas-jet width and frequency of gas-jet pulses (at a given nondime_nsional film
disc_iiarge velocity or Weber nunibér. We;). The diﬂiéulty'here is that any rﬂodiﬁcatioﬁ of
the pulsing frequency will not only alter film distortion direcﬂy by altering the film ’length
exposed to the impacting gas jet during the pulse but also indirectly by modifying the overall
gas-phase flowfield.

With respect to this study of Weber number effects on liquid film distortion, it should be
noted that an increase in Weber number can be interpreted as a decrease in surface tension
at the same value of h and u; or as an increase of u; at constant sufface tension and h-value.
In the latter case, the reference time within the solutions shown in Fig. 5 and 8 are the same,
resulting in the same dimensional time frame. However, in the former case, tyef = lres [Uref
and Uyep = W(2p—,h); therefore an increase in the surface tension coefficient o yields an
increase in i, so that for the same nondimensional time, the elapsed physical time is larger
in Fig. 8 than in Fig. 5. For constant liquid velocity u;, we have u .y ~ We™/2, so that
the dimensional time scale in Fig. 8 (with We; = 25) is stretched by a factor of v/2.5 with
respect to the dimensional time in Fig. 5 (with We; = 10).

Fig. 10 shows dilational film deformation for the same parameter configuration as used in
Fig. 8, only now ng; = ngo = 0, whereas before ng; = 0 but ny, = 1. Figs. 8 and 10 suggest
that, for larger Weber numbers (and film modulation via gas jet pulsing), film rupture can
be effectively controlled by dilational gas-jet pulsations, particularly if constraints of the flow
geometry are to be considered. In addition, for large Weber number flows, sinuous-dilational

mode energy transfer becomes increasingly ineffective so that film rupture lengths for similar
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dilational and sinuous mode forcing conditions become comparable.
In what follows, the discussion will focus on parametric studies for the sinuous mode
case of Fig. 5. Sinuous mode film distortion has previously been considered to be the most
- - -relevant mode of film disintegration for practical atomization systems. This does not imply
that the sinuous mode will be more effective in causing film rupture than the dilational mode
‘under every possible operating condition (e.g., for high-pressure or large density ratio p,/p

applications). In the past, experimental studies have focused on the sinuous mode of film

d1s1ntegrat10n while numerical models considered (Wlth some exceptions) the a.naly51s of the ..

,dllatlonal mode only Based on this observation, the present analysis is mtended to prov1de-
'.some mmght to film distortion under the mode least considered within prev10us numencal =
or analytical work on nonlinear liquid film distortion and disintegration.
' Gas Momentum Effect
Several variations> and combinations of gas-jet inlet momentum My and M, have been
considered for the case shown in Fig. 5 where My = M, = 1. The result obtained for
M; = 0.5 is illustrated in Fig. 11. According to the reduced vertical momentum, the
effect of the impacting gas jet onto the film is reduced, resulting in smaller initial sinuous
film disturbances. Film break-up after downstream growth of these disturbances (possibly
enhanced by capillary and/or Kelvin-Helmholtz instabilities) is delayed. A result similar to
the one shown in Fig. 11 was obtained for the case where M = \/W is kept constant
while o is reduced from 45 degrees (see Fig. 5) to 30 degrees (see Fig. 12). M, > 0.5
and My > 1 in these cases. However, despite the larger values of M; and M}, maximum
amplitudes at a given time and downstream location remain somewhat smaller. Note that,
the physical relevance of the short wavelength disturbances observed in Fig. 12 at t* = 27
for z/h > 75 as predicted by the employed thin film model is uncertain. The accuracy and
limitations of the current liquid-phase model with respect to short wavelength contributions,
particularly close to the point of film breakup, has been discussed in detail in Ref. 44.
If o is decreased further (i.e. to @ = 15°), gas-jet normal momentum is further reduced

in favor of an increase in gas momentum parallel to the undisturbed film. Fig. 13 shows that,
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as a result, amplitudes of sinuous mode film disturbances are somewhat reduced compared
to those found in Fig. 12 at the same time and downstream location. Results obtained for
o = 75° varied only slightly from those computed for o = 45° shown in Fig. 5.
~ Figs. 14 and 15 illustrate cases where the vertical or parallel component of the gas-jet

momentum was increased from 1 to 5 (at both inlet ports) while keeping all other parameters
‘the same. In both instances, film pinch-off occurs close to the nozzle exit as a result of the
pressure distribution generated by the impacting gas jets rather than through continuous
jwave_l growth, the latter being relevant for the case shown in Fig. 11 and 13, for example.

Note that céiltinuoﬁs{ wave growth in Figs. 11 and 13 does not imply monotonic growth.
The Iﬁéﬁétbnic ;érbvs'rth‘_c'a.n be e‘xpect‘édvfor steady gas-phase boundary conditions (i.e. zer0
or constant-velocity at gas inlet ports). For gas-jet pulsations without underlying base
flow, relative vefocities between gas jets and liquid film vary significantly over time causing
disturbance amplitudes to growth sporadically.

Density Effects

Changes in the density ratio p,/p; from the case shown in Fig. 5 have also been analyzed.
Fig. 16 shows the result obtained for the similar parameter set as in Fig. 5 but with a five-fold
increase in py/p;. Due to the relative increase of gas-phase inertia, transverse film deflection
is now larger (at the same gas-jet forcing conditions). Film distortion as illustrated in
Fig. 16 resembles the prediction made in Fig. 8 for an increase in liquid Weber number We;.
However, in the present case, mode coupling is not altered and the film ruptures shortly
before impacting on the channel walls. Also, for the larger density-ratio case, film deflection
extends over a larger domain than shown in Fig. 8. |

Pulse Period

The effect of variations in pulse period 7T}, on film distortion for the sinuous mode of
Fig. 5 will now be summarized: 1) For large T,-values (and constant jet width), the trans-
verse displacement of the film becomes large before the counter-acting gas jet causes the
deceleration and reversal of the displacement. Here, transverse film motion caused by an

impacting gas-jet pulse might result in film impingement onto the channel walls (before re-
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versal of the film dislocation due to gas-jet impact onto the film from the other side). 2) For
small T-values (see Fig. 17), transverse film distortion remains small (due to more rapid
appearance of the opposed gas jets) with only shorter wavelength disturbances appearing
on the film. Note that the gas jet width is s/h = 10 and gas-jet impact changes from
one side of the film to the opposite side at frequency 1 /Tp. Therefore, even though one
gas jet generates an instantaneous film disturbance of approximate length [ = (s/h) cos ¢,
the only part of this disturbance not compensated by the action of the opposed jet has a
length of A = T In order to ach1eve an effective mltxa.l sinuous mode film dastortlon w1th..=
gas-jets phased accordmg to ng 1= 0 and na 2 =1, the pulsmg penod T should be Ionger .
than the time needed for a hqmd partlcle to travel across the length of the gas mlet ports
~ i.e. T, > s/(h cosaw;). However, as mentioned above, for very large T, values the film will ‘
tend to impact onto the walls of the discharge channel. In the present configuration, gas-jet
impact is confined to the vicinity of the atomizer, whereas further downstrea.m, amplitude
growth of the liquid film disturbance will be increasingly influenced by Kelvin-Helmholtz
effects. Therefore, the pulse period providing optimum wave growth will depend on 1) the -
generation of an optimum (to be defined) initial film disturbances in the vicinity of the at-
omizer (i.e., large amplitude and large initial dilational mode contribution or film straining).
and 2) amplification of the initial disturbances through (sporadic) Kelvin-Helmholtz wave
| growth, where the wavelength of the disturbance with optimum growth rate will depend
on the given parameter configuration, e.g. u, ug1/2(t), Wei, p,/p1, and the dynamics of the
unsteady gas streams.
Gas-Phase Continuous Flow
The previous discussion focused on liquid film distortion and disintegration resulting from
time-periodic modulation of the gas-phase velocity on both sides of the liquid film. Forcing
conditions onto the initially quiescent gas phase were imposed at the gas-jet outlets according
| to Eq. 1. Accordingly, gas-phase injection remained confined to pulse events of time-period
T,. Between these injection events, gas-phase velocities on both sides of the liquid film were

determined by the dynamics of the deforming gas-liquid interfaces. In this paragraph, gas-
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jet pulses are superimposed onto continuous gas streams discharging from the two gas-inlet
ports. Figs. 18, 19 and 20 illustrate 3 cases with time-dependent forcing conditions similar
to the sinuous mode case of Fig. 5 now superimposed onto steady gas streams entering from
the two gas-inlet ports at constant velocity ug;,.-Steady inlet velocities are assumed to be
the same at both gas-inlet ports in order to prevent continuous transverse film deflection,
the latter being limited by the discharge chamber walls. Pulse period T}, in Figs. 18 through
20 is T, = 5,8.75 and 20, respectively; gas-stream steady base-flow velocity and amplitude
of the gas-phase velocity modulation are fixed at ug, = 0.25 and ugo = 0.5. Therefore, the
maximum injection velocity reached by the gas-jets in Figs.‘ 5 and 18 is the s;ime, while the
average énergy flux provided by the gas-jets in the latter case is larger, due to the ﬁndeﬂying -
time-independent velocity component. The average energy flux for gas inlet ports 1 and 2

is given by
. 1 t=nT)p 3 Ug:1 2(t)2
Boqg=~ / p) a2t gy 9
w2= | (1) =5 (9)

with the mass influx per unit width of the two-dimensional gas inlet ports mja(t) =
Pg S Ugi12(t). The integration in Eq. (9) is performed over a multiple number of pulse periods
T, (n= even integer). The time-independent component of the overall gas-jet momentum
is equally distributed onto the gas jets on either side of the liquid film; consequently, the
fluctuating part of the gas-jet momentum or gas pulse, which is reduced from its original
value, will cause less deflection of the liquid film in the transverse direction. This results
in an increase in breakup length and time (see Fig. 18), even though the underlying non-
modulated gas-phase velocity allows fof continuous energy transfer from gas-to liquid phase,
i.e. continuous Kelvin-Helmholtz wave growth. |

It is useful, in this context, to compare film distortion at t* = 32 with the corresponding
interface locations predicted for the case shown in Fig. 13, i.e. at t* = 27. Note that,
within the simulations of Figs. 18 through 20, gas-jet velocities on both sides of the liquid
film were increased from zero to the specified ug, value within a nondimensional start-

up time of 5 units. After this time, gas-jet modulation was initiated beginning with the
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lower gas jet. Also, in the case shown in Fig. 13, the maximum amplitude of the vertical
gas-jet velocity component associated with the generation of the initial film disturbance is
Ug;o sin (m/6), whereas in the former case it is 0.5 ug, sin (r/4). Comparison of the liquid
film location for the two cases at the prescribed times, therefore illustrates that wave growth
from intermediate gas-jet pulsing can result in larger overall amplitude disturbances than
_e;btained via continuous wave growth from continuous gas-jets, the latter providing larger
overall energy input into the system.

- The effects of increasing pulse period T}, for the case Wlth underlying base flow can be
observed ﬁom Flgs 18 19 a.nd 20. As T, is mcreased transverse film deflection resultmg
from gas—_]et 1mpa.ct is a.llowed to proceed further before being ‘compensated’ or counter—
acted by a gas-pulse from the opposite side of the film. Consequently, amplitudes in the
centerline disturbance of the film increase as Ty, is increased. On the other hand, larger values _
of T, result in longer wavelength sinuous-mode film disturbances. However, at similar values
for the disturbance amplitude, longer wavelength sinuous-mode waves result in reduced
dilational mode wave amplitudes due to a reduction in nonlinear sinuous-dilational mode
coupling with increases in the wavelength of the sinuous mode wave. A |

As for most of the results presented in earlier sections, the computational domain for the
solutions in Figs. 18, 19 and 20 extended from z/h =0 to z/h = 125, with prescribed static
pressure in the gas-phase at the downstream location. Simulations for the similar cases but
extended computational domain, i.e. £/h = 250 showed that, in the former case, the imposed
pressure condition effectively suppresses long wavelength film disturbances generated during
the start-up phasé of the film modulation. Note that, this has not been observed for the cases
without continuous gas-flow discussed earlier. (The importance of the sta.rt;up condition for
the case without continuous gas jets has already been discussed earlier for the case illustrated
in Fig. 5.)

Linear theory for continuous wave growth on thin films via the Kelvin-Helmholtz
mechanjsm43 shows that, for the base-case parameter set considered here, the described

longer waves have significantly larger growth rates than the ones generated by the impact-
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ing gas jets. This is illustrated by the growth rate plot shown in Fig. 21 for harmonic

sinuous waves 7+ = 7o exp [¢(kz — wt)] on a thin liquid film subject to two co-flowing gas
streams in an infinite domain (here ns denotes the transverse deflection of the disturbed lig-
uid interfaces). Since the longer wavelength contributions are not suppressed on the longer
computational domain, transient effects characterized by growth of the longer wavelength
disturbances generated during start-up will result in significant transverse deflection of the
liquid film which is already being distorted at shorter wavelength due to the periodically
impacting gas jets. See Fig. 22 for the case with T, = 5. A similar observation has already
" been magle fox“" modulated thin annular liquid films in Ref. 40 where transient effects caused
film collapse or fluid blob formation.

The longest wavelengfh suppressed on the shorter domain but present on the longer
domain is of the order of the length of the longer domain; this implies that, for the case
considered here (Figs. 20, 22), the nondimensional wavenumber kh suppressed on the shorter
domain is of O(0.01). From Fig. 21 we see that the corresponding nondimensional growth
according to the linear analysis of Ref. 43 is about 0.035 which corresponds to a growth rate of
0.04 in terms of the nondimensionalization used in this work. This yields a threefold increase
in the initial disturbance amplitude of the prescribed long-wavelength contribution after t* =
25, if in fact this wavelength is not suppressed. (Compare Figs. 20 and 22.) From Fig. 20, one
can estimate the dominant nondimensional disturbance wavenumber to be approximately
kh = 0.25, the corresponding growth rate according to Fig. 21 is approximately six times
smaller than for the described larger wavenumber contribution. It should be noted again
that nonlinear sinuous-dilational mode coupling is reduced as the wavelength of the sinuous
wave increases. Consequently, even though the longer sinuous waves will result in larger
transverse film deflection, they will be less effective in causing film rupture or break-up
than the shorter wavelength sinuous mode waves generated by the imposed periodic gas-jet

pulses.
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Direct Film Modulation

To this extend, liquid film distortions were generated by gas jets impacting onto the
liquid film from either sides. An alternative method to generate initial film disturbances is to
impose forcing conditions directly onto the liquid-phase flow variables at the slit nozzle where
the liquid discharges from the atomizer. Practically, such a modulation can be achieved for
‘example via piezoelectric actuators placed inside or adjacent to the liquid feeding channel.
‘This has been analyzed for the case where gas density is negligible®”. However, now gas
density and motion will have an effect. S ,

There are two important cha.ractenstlcs wh1ch d15tmgmsh the prescnbed d1rect ﬁlm
modulation from the indirect modulation via 1mpactmg gas Jets _ _ -

1) Only part of the energy used to modulate the gas jets is transferred into the liquid
phase resulting in film distortion. Direct liquid-phase modulation, on the other hand, guar-
antees that all the energy invested in modulating one or more liquid-phase flow parameters
will translate into film disturbances. Indeed, simulations similar to those shown in Figs. 3
and 5 but without gas jet modulation and time-dependent forcing conditions imposed onto

the axial or transverse film velocities % and 7 at the nozzle, i.e.

w(z =0,t) = Z Wy, sin’ (-— —2n)] for 2n< —%- < (2n+1)
n=0 p

and wW(z = O,t) = , otherwise (10) .
where w = U or w = 7, resulted in nearly instantaneous film rupture if the energy in-
vested into the modulation is assumed to equal the energy added to the gas-phase for the
corresponding gas-phase modulated case shown in Figs. 3 and 5, respectivély.

2) Direct liquid-phase modulation, as described above, imposes energy only locé,lly on the
film, i.e. at its discharge location from the atomizer. Indirect film modulation via impacting
gas jets causes energy transfer onto the liquid film over a finite léngth of the discharging
stream. In fact, a gas-jet pulse discharging from one of the gas-jet inlets shown in Fig. 1
will cause energy transfer or ﬁlm modulation over the entire length of the disturbedv liquid

film; this is in contrast to the discussed direct film modulation which remains confined
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to the film discharge plane throughout the entire simulated time frame. If, as considered
later, the discharging film is modulated directly in the presence of continuous gas streams,
energy transfer onto the film occurs both locally at the nozzle exit and globally through
interaction of the disturbed liquid film interfaces with the “co-flowing” gas streams. Even
if the surrounding gas-phase is quiescent, an originally localized film disturbance will have
some non-local effect due to its interaction with the gas-phase. The latter has been assumed
to be incompressible which implies an infinite value for the speed of sound or instantaneous
propagation of information throughout the gas-phase.

Fig: 23 shows the case of a directly modulated liquid film with or without steady ga..s-
jets ‘and with modulation energy that equals 5 % of the energy previously added to the
gas-phase in Fig. 5 in order to generate sinuous film distortions. In Fig. 23, modulations
were enforced onto the transverse film velocity 7 at the nozzle exit z = 0 according to
Eq. (10). In other words, the same time-dependent forcing function was used as previously
employed for the gas-phase modulation in Fig. 5. Comparison of Figs. 5 and 23 shows
that maximum transverse film deflection is comparable in both cases, even though energy
input for the direct liquid-phase modulated case is significantly smaller than for the indirect
gas-phase modulated film. On the other hand, as noted earlier, energy transfer onto the
liquid via gas-jet modulation takes place along the entire disturbed interface. This results,
as observed from Figs. 5 and 6 in stronger sinuous-dilational mode coupling or dilational
film distortion which ultimately causes film rupture at approximately z/h = 45. Fig. 23
illustrates that mode coupling without significant gas-phase interaction is not strong enough
(for the considered parameter configuration) to cause film rupture, even though disturbance
amplitudes of the sinuous waves are comparable in both cases. The effect of continuous gas
jets superimposed onto the liquid-phase-modulated discharging film is also demonstrated
in Fig. 23. Comparison of the corresponding results shown in Fig. 23 indicates that the
admission of continuous gas jets on both sides of the liquid film causes a 50 % reduction
of the sinuous mode disturbance amplitudes generated by the imposed modulation of 7 at

the nozzle. Furthermore, the dominant sinuous mode wavelength is reduced by a factor of 2
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upon admission of equal velocity gas streams; at the same time, the amplitude of dilational
mode film disturbances is increased. Using only 10 % of the energy admitted in the gas-
phase modulated case of Fig. 5, direct liquid film modulation produced film rupture at
approximately the same downstream location. However, as illustrated in Fig. 24, transverse
film deflection is significantly larger in this case.

- Direct liquid-phase modulation with or without adjacent gas streams has also been con-
sidered for the pure dilational mode of film distortion. Fig. 25 shows the distorting liquid
film for t_he same parameter set as in Fig. 3 buf now with modulation of the axial velocity
coﬁiponeﬁt 7 accoi'ding to 'Eq. (1'0)' rather than éa§-jét modulation as employed in Fig. 3.
. As for the previously diécuSéed éiiiuous case, the amount of energy used to modulated the
Hqﬁid film in Fig. 25 was only 5 % of the energy added in the case shown in Fig. 3. In
contrast to the sinuous case of Fig. 23, where film rupture has not been observed within the
simulated time frame, the film in Fig. 25 ruptures early at t* = 27 at a downstream location
of approximately z/h = 68. Clearly, for the considered parameter configuration, dilational
modulation is preferred if film rupture is achieved by direct liquid-phase modulation. On the
other hand, effective film breakup (characterized by small energy input and short breakup
length) for gas-phase modulated films is achieved by forcing sinuous mode waves father than
dilational ones.

Comparison of Fig. 25 and 26 shows that time for film rupture from dilational liquid-b
phase modulation is reduced by the addition of surrounding gas streams; however, film
breakup length is not influenced significantly. Also, the wavelengths of dilational mode
disturbances generated by direct-liquid phase modulation is not signiﬁcé.ntly altered by the
admission of gas streams on both sides of the discharging film.

From the previous discussion we find that, liquid film disintegration via gas-jei; modu-
lation is less effective than direct modulation of liquid-phase flow variables. However, this
statement only refers to the initial film rupture process discussed here. Once liquid ligaments
have been detached from the continuous liquid film, /furt}her breakup of these ligaments can

only be achieved via energy transfer from the surrounding gas-phase onto the liquid-phase
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ligaments or droplets. Here, large relative velocities between gas-phase and discrete liquid
phase is expected to be essential to promote further breakup of ligaments and droplets.

Extended Quantitative Analysis

The previous sections have focused on the distorﬁon and rupture characteristics of dis-
charging liquid films impacted by gas jets. Quantitative data was only provided for film
_]?reakup lengths and times for the different configurations.

In order to allow qualitative and quantitative comparison of the computed results with
future expenmenta.l observations of these films, we present the results from a quantlta.twe
a.na.lysm of the- tme-dependent variations in film tlnckness ] and film centerline loca.tlon 7]
at various pos1t10ns downstream from the nozzle. The employed Fourier analysis a.nd ‘the
consideration of phase diagrams for local values of j and 7 follows the work by Ramos*® who

'studied the drawing of annular liquid jets at low Reynolds numbers.

Figs. 27 through 30 illustrate phase plots obtained for the case shown in Fig. 11 at
z/h = 12.5 and z/h = 25, respectively. Nearly time-periodic variations in film thickness
#(t*) and centerline displacement %(¢*) occur close to the nozzle (Figs. 27 and 28). The
centerline displacement becomes increasingly non-periodic, further downstream (Fig. 30).
Deviation from periodic behavior at z/h = 25 is significantly less pronounced for (¢*) than
for 7(t*). At z/h = 12.5 the phase of 7(¢*) takes a dumbbell-like or hourglass-like shape
whereas the orbit of §(¢*) at the same location is circular with higher-harmonic contributions
resulting in an additional inner heart-shaped loop. Fourier analysis of the signals §(¢*) and
7(t*) shows that the dumbbell (hour-glass) shaped F-orbit is generated mainly by the first and
third harmonic of the sinuous modulation frequency, i.e. fm = 1/(27,). The phase of §(¢*)
is a result of the first, second, third and fourth harmonic in the film thickness variations,
whereby according to the half-wavelength thinning of nonlinear sinuous distorting planar
films, the,value of the first harmonic in the thickness variation is twice that of the first
harmonic in the centerline variation of the film. As the contribution of the fourth harmonic
in ¥ decreases further downstream, the heart-shaped loop in the y-orbit changes to a simple

inner loop without the “kink”. As noted earlier, oscillations in film thickness at x/h = 25
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are quasi-periodic whereas deviation from periodic behavior is already significant for 7(¢*)
at z/h = 25. However, Fourier analysis of the 7 signal shows that the energy contained in
the sinuous film oscillation at that location is still found predominantly in the first and third
harmonic of the modulation frequency fm. It is noted here that the Fourier transform of §
or y — h and 7 at a given downstream location z/h was taken within a time interval after
_’ghe film oscillation at that particular location as been established or, in other words, after
the initial film disturbance has passed the considered downstream location.

7 and y phases-plots for the cases illustrated in Figs. 6 and 12 are simila.r to thos_g
discussed above. For the reduced Weber number case of Fig. 9, the inner loop w1thm the »
phase-plot for § at z/h = 12.5 is very tight and without “kink”.- Fouriér. analysis of the trme-
dependent signal § at that location shows that here, the fourth harmdnic in the thickneés
variation is no longer important. For the corresponding phase-plot of 7, 7 = 0 and 85/t = 0
are no longer general symmetry lines (as observed in Fig. 28), however the orbit still shows
point-symmetry around 8y/0t =7 = 0. |

It is noted here that the appearance or disappearance of the prescribed “kink” or heart-
shaped inner loop in the phase plot of § does not necessarily constitute the presence of a
higher (in this case fourth) harmonic mode. It can also be the result of a variation in the
phase-shift between the lower frequency modes.

In the presence of a non-zero constant gas flow superimposed onto the gas-jet pulsation
of the base case (see Fig. 18) the hour-glass shaped orbit in the 7 phase-plot is still observed.
Howevef, the amplitudes in 7 and 8y/8t increase with each completed orbit. Fourier analysis
of the corresponding time-dependent signal for § shows that as for the lower Weber number
case discussed above, the fourth harmonic mode isl no longer relevant here. The phase plot
of § at z/h = 12.5 does not exhibit the heart-shaped iﬁner loop.

For the described gas-jet modulated liquid films, periodic behavior in the variation of §
and ¥ deteriorates fast with increasing downstream distance. This is in contrast to a liquid
film which is modulated within the liquid phase itself. For the sinusoidally modulated film

in Fig. 23 without co-flowing gas streams, variatidns' in film thickness and film centerline
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location at fixed downstream location are highly periodic (after a certain start-up period) up
to a downstream distance of z/h = 50. See Figs. 31 and 32 for z/h = 12.5. However, with
co-flowing surrounding gas-streams re-occuring orbits (even close to the atomizer nozzle) are
no longer observed.

Even though periodic behavior in the variation of § and 7 deteriorates with increasing
§ownstream distance (and in particular for gas-phase modulated films), analysis of the
power-spectra for the oscillation in film thickness and/or film-centerline location shows that
in thg investigated cases, the majority of the film energy remains confined to the harmonic
modes presenf close to the nc;zzle, latter being the first and third harmonic for the film
centéiﬁne location and the ﬁrst, second, third and fourth harmonic for the film thickness -
varia\f;ion. Accbrdingly, and in an effort to provide as much significant quantitative data as
possible, the included tables list real and imaginary parts of the Fourier transforms for the
various dominant harmonic modes observed in the time-signals for the film thickness § and
film centerline location 7 at various downstream locations.

Fourier transforms X (k) for length N input sequences z(n) have been calculated by using

MatLabT¥ according to

N
X(k) =3 x(n) exp[-i2n(k—1)[(n—1)/N]] 1<k<N

n=1

N
) = 3 LX) eofizn(k~Din-D/N]  1<n<N

where z(n) is given by z(n) = §(nAt) or z(n) = F(nAt) at a certain downstream location
and within a certain time-interval, i.e. n,At < nAt < n.At, whereby At is the time-step
used within the simulation.

Since the input sequence z(n) is real, the above equation for z(n) can be rewritten in

terms of a summation of sine and cosine functions with real coefficients

N - 1(n - wk—1)(n -
z(n) = %Za(k) cos (QW(IC ]1\;( 1)> + b(k) sin (2 (k= 1)( 1)) (11)

k=1 N

where
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a(k) =real(X(k)] , b(k) =—-imag[X(k)] ,1<n<N (12)

With the knowledge of the transforms X (k;) from Tables 1 through 4, the approximate
phase plots for § and ¥ at the various downstream locations can be reconstructed and
compared with the results obtained, for example, from experimental observations. Cleaxly,
the energy contained in modes other than the ones described above and provided in the
‘tjables is small and justifies the omission of these modes in the present investigation.

Spray Angle

qumd film atom1zat10n and spray formatlon isa three-d1mensmna.l phenomenon even for
pla.na.r ﬁlms a.nd mcludes the formatlon of streammse vor;:lca.l structures leadmg (depend-
ing on operatlona.I condltlons) to cellular film breakup or stretched streamwise hga.ment
breakup.”® Besides the importance of three-dimensional effects for the spray formation pro-
cess, the resulting spray angle will greatly depend on the conditions (e.g. velocities) at which
ligaments are shed continuously from the continuous liquid film. The present analysis, which

- applies only up to the point in time where film rupture first occurs, cannot address these
issues (which are vital for an accurate determination of the spray angle).

In their experiment on liquid films discharging from a planar twin-fluid atomizer, Man-
sour and Chigier® considered the envelope of the transversely distorting liquid film as a
measure for the spray angle. However, for modulated liquid films Asare, Takahashi and
Hoffman? showed that following linear stability theory, the amplitude of the envelope grows
exponentially up to a point where it saturates due to nonlinear effects. The authors also
showed (for certain operational conditions) good agreement of their experimental results
with theoretical predictions from a simplified trajectory theory. Accordingly, a prediction of
spray angle based on the slope of the envelope at the point of film rupture greatly depends
on the film rupture point and cannot be very reliable.

Nevertheless, based on the envelope growth observed for the different configuration,

indications are that an increase in spray angle (with respect to the base case of Figs. 5 and }

* 6) is expected with an increase in Weber number (see Fig. 8) and with an increase in gas-
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to-liquid density ratio (see Fig. 16). Naturally, the most significant increase in spray angle
is expected for an increase in vertical gas-jet momentum ratio. See Fig. 14, where liquid
ligaments are expected to be shed periodically from the highly deflecting film. Furthermore,
based on the film envelope, a reduction in spray angle can be expected for a decrease in
Weber number (see Fig. 9), a reduction of vertical gas-jet momentum (see Fig. 11), and a
Eeduction in gas-jet impact angle (see Figs. 12 and 13). For liquid films modulated at the
nozzle exit, Fig. 23 indicates that the addition of constant co-flowing gas streams will result
in a decrease in the spray angle, if indeed this angle is based on the envelope behavior of

the distorting film.

IV. SUMMARIZING REMARKS

The flowfield in the vicinity of a twin-fluid atomizer has been analyzed numerically.
Considered is a thin two-dimensional inviscid incompressible liquid film discharging from
the atomizer centerline surrounded on both sides by gas jets which impact symmetrically
onto the discharging film. Initial film distortion is enforced actively by: 1) modulation of
the impacting gas jets (indirect or gas-phase modulation) with gas momentum components
parallel and normal to the liquid stream, 2) modulation in the liquid-phase at the atomizer
exit (direct or liquid-phase modulation) or 3) direct liquid film modulation with superpo-
sition of continuous gas streams. The investigation focused on gas-phase modulated films.
Effects of different flow parameters on film breakup characteristics were studied by varying
one of the flow parameters from a given base-case configuration.

For direct (i.e., gas-phase) modulated films, energy input at the gas-inlet ports was found
to be inadequate in identifying effective film rupture conditions, the latter being character-
ized by short break-up length and times at minimum energy input into the system. For the
parameter domain surrounding the considered base case, film rupture was obtained more
effectively by sinuous forcing and subsequent nonlinear sinuous-dilational mode coupling

rather than by dilational forcing at the same average energy flux into the system. Also, it
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was observed that intermediate gas-jet pulsing (without underlying continuous gas flow) can
yield the same or larger amplitude disturbances than obtained through continuous distur-
bance wave growth from continuous jets at the same overall energy input into the syetem.
Direct modulation of liquid phase flow-parameters, i.e. axial or transverse film velocity,
at the nozzle exit is more effective than gas-jet modulation, the latter transferring only a
portion of the modulation energy onto the film. Computational results also indicate that for
direct quuid phase forcing, dilational modulation (i.e. modulation yielding dilationa.l film

dlstortlon) is more effective in causmg film rupture than sinuous modulatlons whlle as

noted ea.rher the oppos1te is true for gas-jet modula.ted hqu1d ﬁlms ‘Also, for hquld-phase s

modulated ﬁlms a.dmlssmn of nonzero a.mblent gas strea.ms s1gmﬁcantly reduces smuous\

mode wavenumbers whereas influence on wavelengths remains small for dilationally dlstort— s

ing films.

For gas-phase modulated films, variations of Weber number, gas jet to liquid film mo-
mentum ratio, gas-to-liquid density ratio and pulse period were considered and their effect
on film distortion was analyzed. An increase in Weber number from its basetcase value
(i.e. from 10 to 25) resulted in stretched band-like films and a delay in film ruptufe due to
reduced sinuous-dilational mode coupling. On the other hand, reduction in Weber number |
(i-e. from 10 to 5) resulted in smaller disturbance amplitudes and larger break-up time and
length despite stronger nonlinear mode coupling manifested by the contraction of the film
 into fluid cylinders connected by thinner fluid films. Transverse deflection of the film center-
line for a five-fold increase in density ratio was similar to the one observed for the increased
Weber number case; however, fluid blob formation was still observed.

A five-fold increase in vertical or parallel gas-jet-to-liquid-film-momentum ratio resulted
in “immediate” film rupture caused by the dynamics of the impacting gas jets rather than by
continuous growth of film disturbances downstream with energy transfer from the adjacent
gas-streams.

Variation in pulse period affects film distortion in two ways: It changes the amplitude of

the initial film disturbances generated by the pulsed gas-jets, since increaSi'ng the pulse period
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provides more time for transverse film movement (due to one-sided gas-jet impact) before -
being counter-acted by an opposed gas jet. On the other hand, it alters the wavelengths
of the disturbances generated on the film and therefore the gas-to-liquid energy transfer

downstream from Kelvin-Helmholtz-type wave growth.
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Table 1: Complex Fourier coefficients determined for nondimensional fre-

" quencies f = 0,0.2,0.4,0.6,0.8 of 3(t*) and frequencies ¢ = 0,0.1,0.3 of

7(t*) at various downstream locations z/h. Data taken from cases shown in
Fig. 6, Fig. 9 and Fig. 18. (t},,; denotes the sampling interval.)

case Fig.6 Fig.9 Fig.18
x/h . 125 12,5 12.5 [ 25
=, || 11-20.9 8-17.9 11-315 16.25 - 26.25
—f-; -1.7425 0.1243 -3.6091 - .| ~1.1409
fo2 || -2.4001-i 3.5750 | 0.6519 -1 8.5912 ~ | -2.2346 -i 3.2005 | 4.9988 +i 2.6593
fos || -0.3777 -1 5.7013 | -0.0560 -i 3.4911 0.2596 -1 2.8377 " | -3.3047 -i 1.3497
fos || -0.3274 -1 1.8957 | -0.9075 -+i 0.8650 0.1585 -1 0.4658 | 0.2757 -1 1.2830
fos || -0.6983 +i 0.4870 | -0.0686 -i 0.1412 0.0080 +i 0.0422 | 0.0847 -i 0.0845
90 9.67 -4.9318 46.92 -63.8480
go.1 || -126.48 -i 66.94 81.5998 +i 83.3471 | 117.45 +1 170.43 | -11.3874 +i 80.3349
go.3 || -10.37 -127.69 -11.1639 -1 11.2677 | -16.95 +i 10.15 0.7101 +1i 22.4862
Table 2: Complex Fourier coefficients determined for nondimensional fre-
quencies f = 0,0.2,0.4,0.6,0.8 of §(¢*) and frequencies g = 0,0.1,0.3 of
7(t*) at various downstream locations z/h. Data taken from cases shown in
Fig. 11 and Fig. 12. (¢}, denotes the sampling interval.)
case Fig.11 Fig.12
x/b || 12.5 25 125 25 50
T, || 8-18 11.5- 21.5 6 - 26 115 - 21.5 17- 27
“fo || -1.1274 -0.2904 -2.2123 -0.3252 -0.1413
Joo || 2.1313 +i 0.1244 5.2311 +i 4.6508 -3.0126 -1 2.7513 | 4.5862 +i 4.4771 8.0436 +i 12.3251
fo.a || -2.6680 -i 0.2732 -4.4851 -i 5.4008 -0.4646 -i 4.7289 | -3.4008 -i 5.0893 -15.8212 +i 7.7273
fos | 0.7068 -i 0.5327 1.9118 -i 2.8906 -0.1792 -i 1.5370 | 1.9544 -i 1.9449 -3.4856 +i 4.5756
fo.s || 0.3036 -i 0.2878 0.6632 +i 0.0905 -0.2280 +i 0.5580 | 0.4152 +i 0.2162 -0.0874 +i 0.6210
gdo -5.3221 -16.7992 4.68 -17.8351 5.01
go.1 || -18.4821 +i 75.7047 | -32.4973 +i 75.9395 | 133.87 +i 93.26 -40.7346 +i 78.6269 | -29.20 -i 100.29
go.s || 5.1482 -i 14.6942 -14.3083 +i 30.8077 | 3.72 +i 30.94 -15.5162 +i 25.3493 | 7.14 -i 32.95




Table 3: vComplex Fourier coefficients determined for nondimensional fre-
quencies f = 0,0.2,0.4,0.6,0.8 of §(¢*) and frequencies g = 0,0.1,0.3 of
- 7(t*) at various downstream locations z/h. Data taken from cases shown in

Fig. 23. (t},; denotes the sampling interval.)
case Fig.23 (dash,solid) Fig.23 (dot,dash-dot)
x/h || 12.5 25 50 - 12.5 .
th. || 8-38 10- 40 20 - 40 7-27
Jo -1.0959 ] 2.6197 . - | 0.8649 o .. | -8.7106
© Jfo2 || 5.0258 -10.3302 - | -12.3063 -i 15.3748 4.1233 +i 44.0686 : | -0.8199 -i 3.9278
 foa || -1.2484 +i 5.7662 | -1.0425 -i 16.3421 | -26.9334 +i 3.7302 | 2.4076 -i 3.7397
fos || -0.4002-i 0.6104 | 1.1145-i 5.6337 -5.6068 -i 4.2925 0.8231 +i 0.2940
fo.s || 1.5359 +1 1.1584 | 0.1498 +i 0.2117 0.2417 +i 1.1853 -0.2590 +i 1.4226
go || 021 ' -12.7 1.93 63.36
go.1 || 12.85 +i 536.95 580.55 +i 657.35 -391.44 -1 31.04 226.70 +i 231.71
go.z || -9.86 -i 55.09 25.25 -1 33.98 +-29.35 +i 12.68 -10.70 +i 19.00
Table 4: Complex Fourier coefficients determined for nondimensional fre-
quencies f = 0,0.2,0.4,0.6,0.8 of §j(¢*) at various downstream locations
z/h. Data taken from cases shown in Fig. 3 and Fig. 4. (fin: denotes the
sampling interval.)
case Fig.3 Fig.4
x/h i 12.5 25 [ 50 12.5 [25 50
. || 7-37 10 - 40 15.5- 455 5-25 95-245 15- 25
fo || -1.0487 ~1.1002 -1.0912 -1.4044 1.0758 20.7213
fox || -0.6770-1i 1.0303 | -1.8518 - i 1.9126 | -4.6015 -i 3.4093 | -0.0004 +i 0.0003 | -0.0008-i 0.00115 | 0.0045 +i 0.0009
foz || 0.8751-10.9734 | 2.4318-12.0079 | 4.3950 -i 4.8127 | -1.6982 +i 0.3701 | 0.8970 -i 2.9529 | 1.0881 -i 4.6293
fosz || 0.8444 +i0.4398 | 1.4058 + i 1.2092 | 2.7260-+i 0.9146 | 0.0026 -i 0.0002 0.0015 -i 0.00285 | -0.0016 +i 0.0095
fo.a || 0.0424 + 10.3450 | -0.0645 + i 0.1913 | -0.0625 -i 0.4539 | -0.4588 +i 0.1487 | 0.4805+i 0.2696 0.2182 +i 0.0205
fos |l 0.0512-10.0836 | 0.0737 -1 0.2080 0.1080 -1 0.4961 | -0.0027 -i 0.0049 | -0.0041 -i 0.00185 | 0.0136 +i 0.0303
fos |l 0.0322 + 1 0.0066 | 0.0178 + i 0.1015 | 0.1618 -i 0.0052 | 0.0465 -i 0.0973 0.0743 -i 0.1839 -0.4138 -i 0.3860
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Figure 1:

Figure 2:

Figure 3:

Figure 4:

Figure 5:

Figure 6:

Figure T:

Figure 8:

Figure 9:

Figure 10:

Figure 11:

Figure captions
Schematic of Twin-Fluid Atomizer Configuration

Solution procedure for dilational mode film forcing (T =0, =0; h=¢, u =7,

¢ = Pg.1, Pg = Pgi1, I =T1, y— = —§/2, p. = capillary pressure along lower interface).

Dilationally distorting gas-jet-modulated semi-infinite planar film under base-case forc-

ing conditions according to Eq. (1) and for base-case parameter set: s/h = H/h = 10,

pe/p =0.0012, We; =10, My = M) =1. T, =5, ng;12 =0.

Dilationally distorting gas-jet-modulated film with base-case parameter configuration -

and modified pulse characteristics.

Sinusoidally distorting gas-jet-modulated film under base-case forcing conditions ac-
cording to Eq. (1) and for base-case parameter set: s/h = H/h = 10, p,/p = 0.0012,
Wer=10,M; =M =1.T,=5,n9; =0, ng2=1.

Discharging sinusoidally distorting gas-jet-modulated liquid film according to Fig. 5

with modified start-up conditions.

Discharging gas-jet-modulated liquid film according to Fig. 5 under mixed-mode forc-

ing conditions (ng,; = 0,ng2 = 0.5).

Effect of Weber number increase (We; = 25) on discharging sinusoidally distorting

gas-jet-modulated liquid film.

Effect of Weber number decrease (We; = 5) on discharging sinusoidally distorting

gas-jet-modulated liquid film.

Effect of Weber number increase (We; = 25) on discharging dilationally distorting

gas-jet-modulated liquid film.

Effect of decreased vertical gas-jet momentum (M, = 0.5 on diécharging sinusoidally

distorting gas-jet-modulated liquid film. My = 1).
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Figure 12:

Figure 13:

Figure 14:

Figure 15:

Figure 16:

Figure 17:

Figure 18:

Figure 19:

Figure 20:

Figure 21:

Figure 22:

Effect of decreased gas-jet injection angle a (o = 30°, M = Mﬁ +M? = /2) on

discharging sinusoidally distorting gas-jet-modulated liquid film.

Effect of decreased gas-jet injection angle (o = 15°) on discharging sinusoidally dis-

torting gas-jet-modulated liquid film.

Effect of increased vertical gas-jet momentum (M, = 5) on discharging sinusoidally

distorting gas-jet-modulated liquid film.

Effect of increased parallel gas-jet momentum (My = 5) on discharging sinusoidally

distorting gas-jet-modulated liquid film.

Effect of increased gas-to-liquid density ratio (ps/pt = 0.006) on discharging sinu-
soidally distorting gas-jet-modulated liquid film.

Effect of decreased pulse period (T, = 2.5) on discharging sinusoidally distorting gas-
jet-modulated liquid film.

Effect of non-zero time-independent gas-jet velocity on discharging sinusoidally dis-

torting gas-jet-modulated liquid film (T, = 5; uy,y = 0.5ugp, Ug;s(t) = 0.25).

Effect of increased pulse period (7}, = 8.75) on on discharging sinusoidally distorting

gas-jet-modulated liquid film with underlying non-zero gas-jet velocity u,s.

Effect of increased pulse period (7, = 20) on discharging sinusoidally distofting gas-

jet-modulated liquid film with underlying non-zero gas-jet velocity ug,s.

Dimensionless growth rate Im{w/(kUy)] as function of kh = 2wh /X for planar liquid
film with co-flowing gas streams (at relative velocity Up) and We = pUZh/c = 971
and p,/p = 0.0012.

Influence of domain length (Z,.z/h = 250) on discharging sinusoidally distorting gas-

jet-modulated liquid film with underlying non-zero gas-jet velocity u,;;.
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Figure 23:

Figure. 24:

Figure 25:

Figure 26:

Figure 27:

Figure 28:
Figure 29:
Figure 30:

Figure 31:

Sinusoidally distorting liquid-phase-modulated film according to Eq. (10), with or with-
out adjacent constant velocity gas streams and under base-case parameter conditions:
s/h=H/h =10, p,/p = 0.0012, We; =10, My =M =1, T, =5. 1y, =0: t* =9
(dashed), 19 (solid); ug,, = 0.45: t* = 9 (dotted), 19 (dash-dot). Without continuous

gas jets, energy input is 5% of that in Fig. 5.

Sinusoidally distorting liquid-phase-modulated film according to Eq. (10), without

adjacent constant velocity gas streams and under base-case parameter conditions:

s/h = Hfh = 10, p,/p = 0.0012, We; = 10, M, = My = 1, T, = 5. Energy

input is twice that of Fig. 23.

Dilationaﬁy distorting liquid-phase-modulated film according to Eq. (10) injected into

a quiescent ambient gas under base-case paraméter conditions: s/h = H/h = 10,

pe/ o1 = 0.0012, We; = 10, M, = M) = 1, T, = 5. Energy input is 5% of that in Fig. 5.

Dilationally distorting liquid-phase-modulated film according to Eq. (10) with adjacent
constant velocity gas streams and under base-case parameter conditions: s/h = H/h =
10, po/m = 0.0012, We; = 10, M, = My =1, T, = 5. Energy input from direct film

modulation equals that in Fig. 25.

Phase plot for §(t*) at z/h = 12.5 according to the case shown in Fig. 11. (Nondi-

mensional time ¢* progresses in the clockwise direction.)

Phase plot for 7(¢t*) at z/h = 12.5 according to the case shown in Fig. 11. '
Phase plot for (¢*) at z/h = 25 according to the case shown in Fig. 11.
Phase plot for 7(t*) at z/h = 25 according to the case shown in Fig. 11.

Phase plot for 7(¢*) at £/h = 12.5 according to the case shown in Fig. 23 without

co-flowing gas streams.
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Figure 32: Phase plot for %(t*) at z/h = 12.5 according to the case shown in Fig. 23 without

co-flowing gas streams.
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Initialize

- Liquid phase: y (x,t=0), u(x,t=0)
- Gas phase: d¢/on or ¢ along boundary I'
including the liquid-gas interface T, ,

Solve: V=0

in the gas using current
interface location I, and d/¢/dn along T',,,

Solve : 3¢/t + 1/2 (V) = 1/p, (Py4 - P,)
| forp, atT,, using ¢ attime-steps nand n+1 |

Solve liquid-phase equations
[ e.g. for the dilational mode:

ah/ot + d(uh)/ox =0
ou/ot + udu/ox =-1/p, 9(p,+p)/ax ]

to determine interface location T, or y =h(x,t)
and d¢/dn along T, at the new time step n+1

Update time step:

n=n+1

FIG. 2. Mehring, Phys. Fluids
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ADDENDUM II

Capillary Stability of Modulated Swirling
Liquid Films

C. Mehring and W.A. Sirignano
Department of Mechanical and Aerospace Engineering

University of California, Irvine

Irvine, CA 92697

Abstract

The linear and nonlinear distortion and breakup of three-dimensional swirling or
non-swirling annular and swhﬁng conical thin inviscid liquid films are analyzed by
means of a reduced-dimension approach. The films discharge from an annular slit
nozzle or atomizer into a gas of negligible density at negligible gravity conditions.
Nonlinear numerical simulations describe film distortion up to the time when film rup-
ture first occurs. Linear and nonlinear solutions are presented and discussed for various
configurations and with either dilational or sinuous three-dimensional modulations im-
posed onto the films at the nozzle exit. Nonlinear growth rates can be significantly
larger than predicted by linear theory. Initially axisymmetric disturbances remain ax-
isymmetric and fluctuations in the circumferential direction generated by numerical
error are not amplified for the considered cases. Overall film topology at the time

of film rupture suggests that single dilational or sinuous oblique waves will result in




spiraling filaments detaching from the continuous film. Combination of clockwise and
counter-clockwise travelling dilational waves results in an approximately rectangular
array of larger ligaments interspaced by thin fluid films indicating subsequent cellular-
type breakup for both annular and conical configurations. Results for similar sinuous
mode modulations suggest film disintegration via shedding of continuous annular rings

from swirling annular films and filament shedding from swirling conical films.

Introduction

The stability of liquid sheets plays an important role in various technological applications
including spray combustion of liquid fuels in furnaces, internal combustion piston engines,
jet engine combustion chambers and rocket motors [?]. The combustion of liquid fuels in the
described applications is frequently achieved through the generation and disintegration of
swirling conical liquid films [2]. The stability of annular films is of relevance in applications
such as film shell encapsulation or shell formation, film blowing, as well as in the use of
collapsing annular films as chemical reactors for toxic waste incineration.

Experimental observations of disintegrating conical liquid sheets have already been de-
scribed by various authors. See Ref. [3] for a more detailed review. Theoretical analyses of the
phenomenon of liquid-film breakup were in general limited to linear planar or annular sheet
configurations; the latter with or without swirl [4]. In particular, linear three-dimensional
analyses of planar or swirling annular sheets were only presented bv Ibrahim and Akpan [5].
Ponstein [6] and Panchagnula. Sojka and Santangelo [4]. A linear analysis of swirling conical

sheets poses a variable coefficient problem. and has not. to the knowledge of the authors.



been presented in the literature. The few nonlinear analyses presented on the subject were
also limited to the planar geometry (7, 8, 9, 10, 11], annular sheets, or liquid bells without
swirl [12, 13, 14, 15]. A nonlinear analysis of truly three-dimensionally distorting (swirling
or non-swirling) annular and swirling conical films discharging from a nozzle or atomizer and
_subject to dilational or sinuous modulations at the nozzle exit has not been presented so
far, even though the prescribed configurations (in particular swirling conical liquid films) are
of importance in practical atomization systems, such as swirl-cup atomizers or pre-filming
atomizers.

Linear and nonlinear analyses of discha.fging, modulated, pressure-stabilized, thin annu-
lar liquid films were presented in Ref. [17]. The linear analysis predicted that, in general, film
modulation generates four dilational and two sinuous mode wavenumbers. Group velocity
analysis (with terms of O(R™3) neglected) and consideration of the Sommerfeld radiation
co’ndition downstream lead to the conclusion that only two dilational mode wavenumbers
will appear on the discharging film (k» and k; in Ref. [17]). For sufficiently large forcing
frequencies w or Weber numbers We (based on liquid density, undisturbed film thickness
‘and undisturbed liquid velocity at the nozzle exit), wavenumber k3 resulted in an exponen-
tially growing dilationa"i mode wave whereas k; (its complex conjugate value) resulted in
an exponentially decaying disturbance downstream. Linearly unstable sinuous mode waves
are predicted only for Weber numbers We > 2 at forcing frequencies w < (1/ R)\/—lT/W;,
i.e. where wavenumber /; resulted in an exponentially growing wave and {; (the complex
conjugate of l) produced an exponentially decaying disturbance‘ downstream. For small
Weber numbers, i.e. We < 5, nonlinear and linear numerical simulations of the initial and

boundary-value problem were dominated by transient effects. In particular, film collapse and
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bubble formation was observed to occur near the wavefront as the initial film disturbance
propagated into the undisturbed film. In Ref. [3] axisymmetric, swirl-stabilized annular film
were analyzed. According to linear analysis and in contrast to the pressure-stabilized case,
no pure dilational mode is found on swirl-stabilized annular films. For swirl-stabilized films,
_collapse of the undisturbed annular configuration is prevented by the centrifugal forces result-
ing from the swirling motion; for pressure-stabilized (non-swirling) annular films, a constant
positive pressure difference is maintained between the inner core and the surrounding of
the annulus in order to prevent the film from collapsing on itself due to surface tension.
In the pressure-stabilized case, linear mode-coupling occured solely from the sinuous to the
dilational mode via the conservation-of-mass equation. Nevertheless, for large enough We-
ber numbers and low forcing frequencies, linear dilational or predominantly dilational mode
waves behave qualitatively the same on both pressure- and swirl-stabilized films. However,
the instability range and unstable growth rate for linear ”dilational” waves is significantly
larger for swirl-stabilized films in comparison to pressure-stabilized ones, i.e. wy, > wy, with
-wy being the forcing frequency at the stability limit and subscripts s and p denoting swirl- and
pressure-stabilized films, respectively. A significantly larger growth rate of ” dilational” mode
waves on swirling axisymmetric annular films has also been observed in the comparison of a
dilationally modulated nonlinear swirl-stabilized film and a similar pressure-stabilized films
(3] Qualitative differences between linear ”dilational” mode waves on swirl- and pressure-
stabilized annular films were found at increased forcing frequencies, e.g. w > 0.6 (for large
‘Weber numbers), and even at lower forcing frequencies if the Weber numbers were small
enough. However, in the parameter and comparative numerical studies of Ref. (3], cases

with large modulation frequencies were not considered due to the limitations of the em-



ployed thin film model. Small Weber number cases were also excluded from the analysis,
due to the dominance of transient effects in the corresponding numerical simulationsv. In
strong contrast to pressure-stabilized films, where linear theory predicts that unstable sinu-
ous waves are only found for Weber numbers We > 2, predominantly sinuous-mode unstable
_waves on swirl-stabilized films are only observed for We < 2. However, as in Ref. [17] and
due to the dominant behavior of transient effects within the numerical analysis, swirling
annular (or conical) films at small Weber numbers were not studied in Ref. [3]. Rather, the
parameter stuciies of Ref. [3] (analyzing the effect of Weber number, modulation amplitude
and swirl number on breakup time and breakup length) were conducted around four annular
(e.g. swirl number & = 1) base cases with modulations of the axial or transverse film ve-
locity at the nozzle exit at We = 100 and forcing frequencies w < 0.42. The linear analysis
of Ref. (3] was constrained to swirling axisymmetric annular films. Initial conditions for the
numerical simulations of axisymmetric swirling conical films in Ref. [3] were obtained by inte-
grating the nonlinear steady-state equations from the nozzle exit with appropriate boundary
conditions at the nozzle and a 4th-order Runge-Kutta integrator. Modulation of the axial
and/or transverse film velocity were of the form T, = Ay [1 - e"'/T=] sin (2rt*/T,) with
the nondimensional time-period of the harmonic forcing T, and the nondimensional forcing
amplitudes of the axial or transverse velocity modulation A, ;.

A brief discussion on three-dimensionally modulated swirling annular and conical films
was included in Ref. [3]. However, this discussion was limited to the numerical solution
of initially axisymmetric film modulations or axisymmetric modulations with superimposed
small-amplitude circumferential disturbances. Three-dimensional solutions, for sheets with

axisymmetric modulations only, remained axisymmetric throughout the simulations, indi-
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cating that small perturbations due to numerical error do not result in a three-dimensional
capiliary instability. For the considered annular and conical films with harmonic forcing of
the axial or transverse velocity, the characteristics of the film distortion remained predomi-
nantly axisymmetric.

The present analysis extends the three-dimensional discussion of Ref. [3] by considering
film modulations which result in truly three-dimensional film distortion and rupture, as
well as by incorporating a detailed description of the three-dimensional model. In addition,
the present analysis includes a three-dimensional linear spatial analysis of swirling annular
films. In analogy to the axisymmetric analysis of Ref. [3]‘, the linear analysis 1) identifies the
appropriate number of boundary conditions for the numerical simulations apd 2) identifies
the magnitude and importance of nonlinear effects by comparison between linear analytical
and nonlinear numerical results. Analogous to previous work by the authors [3, 7, 17, 18,
19], group velocities of the capillary waves emanating from the modulated nozzle and from
downstream are obtained from the linear analysis and are used to identify the number of
boundary conditions to be specified at the atomizer exit and the number at downstream
infinity for both linear and nonlinear analyses.

In the analysis of thin liquid sheets or films presented here, only capillary and inertia
effects are considered. Subsequently, the term ‘annular’ refers to thin-walled cylindrical
liquid columns with approximately ring-shaped cross-sectional area of constant time-averaged
radius along the axial direction. Sheets or films which roughly resemble hollow cones, i.e.,
thin-walled liquid columns with monotonically increasing or decreasing annular radius of
the ring-shaped cross-sectional area, are named ‘conical’ sheets. Clearly, sheets or films
discharging from an annular nozzie and with a monotonically increasing or decreasing annular

6



radius within the region near the atomizer are still described as being ‘conical’ even if the
annular radius undergoes oscillations further downstream. The latter phenomenon might
occur due to the dynamic exchange of translational or rotational kinetic energy and potential

or surface energy.

Problem Formulation

The present work extends previous work by the authors on noﬁ»swirling annular and swirling
conical sheets. [3, 16, 17, 18, 21]. Considered are semi-infinitely-long thin swirling (or non-
swirling) liquid films exiting from an annular nozzle or atomizer as shown in Fig. 1.

Three-dimensional dilational and sinuous disturbances are considered. Liquid viscosity
is neglected and the sheet is exiting into a void under negligible gravity. The assumption of
thin sheets allows the reduction of the dimensionality of the problem by integrating across
the thickness of the sheet. This approach, also referred to as the lubrication approximation,
has been employed by Ramos [14] and by the authors (3, 7, 16, 17, 20] for the analyses of
thin planar and axisymmetric annular sheets without swirl, as well as axisymmetric swirling
conical sheets. |

Only spatial film stability or film distortion will be of interest here. The spatiaily periodic
temporal film distortion and film stability is not relevant to the conical sheet with its varying

radius. The temporal instability can apply to the annular cylindrical sheet and for the

radially expanding sheet.



Governing Equations

The governing equations, describing the unsteady motion in an incompressible, inviscid
three-dimensionally distorting liquid sheet under zero gravity and in a cylindrical coordinate

system, are given by

v,  Ovy , v  10vg _
8z+79?+r+r69 (1)

ovs  , Ov: , Ove 1 Ov:_ 10p
5t " 8z U ar =

Ov, ov. ov, 1 8v, v} 10p

ot e e YT T T Toor ®)
Ovg Ovg Ovg 1 Oup vup 1 0p
ot "o UG TV Ty T pr 66 )

where v, v, and vy are the velocity components in the axial (z-), radial (r-) and circumfer-
ential (f-) directions, respectively. See Fig. 1. p and p; denote the pressure and the density
of the liquid.

Indicating the outer and inner location of the sheet by r.(z,t) and r_(z,t), we define
the radial centerline pogition and the thickness of the sheet by 7(z,t) = (r. +7_)/2 and
Ar(z,t) =ry — 7. Tﬁe pressure and the radial velocity component at the fluid interfaces
(p+, v, +) are given by the following kinematic and dynamic boundary conditions,

V. o= + =g = (5)

Os ,, .1, 0
ot RS S [

Vr +



P+ = Pgx T oKy ' (6)

where the local curvature . is given by the divergence of the unit normal vector at the
~pa.rticula.r location of the outer (+) or inner (-) sheet interface, i.e. k2 = V -fiy. In the
previous equation p, is the pressure of the surrounding gas and o denotes the surface tensipn
;:oefﬁcient of the liquid. For non-swirling annular sheets Dg,+ = 0 but p, _ # 0 in order to
stabilize the annular sheet in its undisturbed configuration. The lattér is also referred to as
‘pressure stabilization’. See Ref. [17] in this context. This contrasts with ‘swirl-stabilized’
annular or conical sheets, where p, + = 0 and stabilization of the undisturbed (unmodulated)
sheet is obtained by balancing surface tension forces with the centrifugal forces due to swirl.
Clearly, gas-phase effects are not included in the present analysis. The pressure in the gas
surrounding the considered liquid films is assumed constant because at atmospheric pressure,
the gas density is negligible compared to the liquid density. The influence of a gas-phase
flow field surrounding discharging planar liquid films has been analyzed by the autﬁors for
the case of a two-dimensional twin-fluid atomizer [20].
Expanding the dependent variables in terms of r ~T7(z,t) and employing a similar expan-

sion for 1/r, one obtains the following system of equations for ¥, Ar and the leading-order

expansion terms of the velocity components Uz, Ur, Vg, 1.8. Ug, Vg and wy, respectively.

OAr  O(ugAr)  Ar 1 9(Arwy) _ -
—Bt—-l-T-i-?voT% 50 = (7)
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ot T 0z * F09 T pAr (10)
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with

P = F'L';_'&'_zg.[v.m_v.ﬁ_]

Ap p+—p-=0[V -, +V-ii]

whereby the divergence of the normal vector at the outer and inner interfaces at a specific

location (6, z) is evaluated from

vaa = (1- %’"” ) [ )™ (12)

T -3/2 2r
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whereby Q =r2(1+72) and r =7 &+ Ar/2.

Equations (7) through (11) form a closed system of partial diffcrential equations which
together with appropriate boundary and initial conditions govern the three-dimensional non-
linear distortion of thin swirling liquid films exiting from a nozzle or atomizer into a void. |

_For the subsequent analyses, the above equations have been nondimensionalized by using
the undisturbed film thickness and film discharge velocity at the nozzle exit, i.e. Ary and
T 0, as characteristic length and velocity, respectively. The Weber number in the resulting
nondimensional equations is given by We = pi;5Ar/0.

Governing equations for the nondimensional linearized problem have been obtained by
introducing

Arr=1+h T =R+nuy=1+u" 5=V +v",wg=W+w*

into the nondimensional form of Eqns. (7) through (11). .In the above equaﬁons, h and 7 de-
note nondimensional fluctuations in the film thickness and transverse film centerline location,
respectively. u*, v* and w* represent nondimensional fluctuations in the axial, transverse and
circumferential velocity ‘cdmponents. We define € = 1/v/2We. Within the present analy-
sis, V=0and W = ésR (R? - 0.25)_0‘5 =~ 2¢; the latter represents the nondimensional
swirl-velocity which stabilized the undisturbed annular film with nondimensional radius R.

The linearized system of equations becomes

oh  oh  ou 1
ot T 9= | 9= R R
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where terms of O(R~3) have been neglected and where #* denotes nondimensional time

and 2z* represents the nondimensional axial coordinate. Note that, the radiant @ is already

nondimensional. Eqns. (14) to (18) apply in the pressure range where gas density is negligibly

small and the effects of gas inertia can be neglected. Solutions to Eqs. (14) - (18) are assumed

to be of the form

h = Ahei(kz‘+n0—ut‘)
ut = Auei(kz'-}-na—ut')
n = Anei(kz‘-l-nﬂ—ut‘)
v o= Avei(k:'+n8—-wt')
w = Awei(k:'+n9—ut‘)

(19)

Substitution of Eqns. (19) into Eqns. (14) - (18) provides the dispersion relation governing

the propagation of capillary waves on the modulated Rim. 1o
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b = k? L
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2

c = Eé-

e = w—k

f= Zn

g — E2k2

Note that k and n denote the wavenumbers of capillary waves propagating in the axial
and circumferential direction, respectively. w represents the angular frequency at which
modulations are forced onto the discharging film at the atomizer exit.

Analogous to previous work by the authors, evaluation of the group velocity for wavenum-
bers k;, i.e. C(k;) = dw/dRelk;] can now be used to determine which disturbances generated

by the nozzle modulation at frequency w will be found downstream. In particular, if the group
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velocity for a particular axial wavenumber is positive, then that wavenumber will be found
further downstream, if the particular wavenumber has negative group velocity, then the cor-
responding disturbance will not be found downstream from the nozzle since no modulation
is applied downstream. The latter is effectively a representation of the Sommerfeld radiation

_condition which implies that no energy is propagated upstream from infinity 7, 17]. Note
that after film rupture the discharging film will have finite length which necessitates a recon-
sideration of the downstream boundary condition. In that case, the rejection of wavenumber
solutions with negative group velocity based on the application of the Sommerfeld radiation
condition is no longer valid.

Equation (20) is the dispersion relation for linear three-dimensional capillary waves on
thin swirling annular films discharging into a void and in a reference frame fixed to the nozzle
exit.

Assuming exponential solutions for &, 1, u*, v* and w* according to Eq. (19), the general
solution to the boundary-value problem for a given forcing frequency w and circumferential

wavenumber 7 is given by

5
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5
w* (z:, tn) — Z Aw_’jei(kz‘-i-no—wt‘ut')
j=1

(22)

where the index j = 1,... 5 refers to the 5 wavenumber solutions to the dispersion relation for
. a given forcing frequency w and éircumferential wavenumber n which have to be considered
within the present analysis according to the employed parameter range and the discussion
of the previous paragraph. These wavenumber solutions are ks, k3 and ks — k7, respectively.

The unknown coefficients within the above solutions depend on each other according to

ip; 0 ik; R™! inR™? [ An 11 0 -
ie2k; [q,—ﬁy] —i%k; ip; 0 0 Anj 0
—4 4&?; 0 ip; % Aej | =10 (23)
0 ip; 0 -1 0 Ay 0
ignlg—2] -idgn 0 X ip Aw-j | |0
L - L - .

with p; = [%n — (w — k;)] and g; = [k?s + n? for j = 1,...,5. The above system of
equations is obtained after substituting Egs. (21) into Egs. (14)-(18). Egs. (23) are linearly

dependent since det{M]| = 0 and can be reduced to

Ah,j - _ $j + 453k12-/[Rpj] (24)
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Aw; _nlg; — B[k + en/R{w — k;) = (w — k;)*/4] = 2¢(w — k;)/R
Ani en/Rlg; — R7?] - p;

(27)

with p; and g; as defined above and s; = ne?(k2+2R?)—(e/ R)(w—k;)(1—-n)—(n/4) (w—k;)?.

This provides four independent equations for the five unknown coefficients of each index
j =1,...,5. Altogether, this yields twenty independent equations for twenty-five unknown
coefficients. The remaining five conditions needed in order to determine fully the unknown
coefficients are given by the boundary conditions specified at the nozzle exit, i.e. one condition

for each of the five wavenumbers k, 3 and ks_7 with positive group velocities.

Results and Discussion

Linear Analysis

Relevant Wavenumber Solutions / Wave Character

Eq. (20) has been sblved for wavenumbers k; at given values of Weber number We or
€ and circumferential wavenumber n. Solutions to the dispersion relation were obtained
numerically by using Mathematica™. Evaluation of the corresponding group velocities
C(k;) = dw/dRe[k;] predicts that for w < 0.6 and small n-values (< 8 for We = 5 — 1000
and beyond), information travels in the same direction as in the axisymmetric case: Five
wavenumbers correspond to waves that originate at the nozzle and send information in the

downstream direction (later denoted by k, ; for dilational mode waves and ks_7 for sinuous
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mode waves) and two (dilational mode) wavenumbers correspond to waves which originate at
downstream infinity that send information upstream (later denoted by ki, k4), according to
their positive and negative group velocities, respectively. The subscript 7 is an integer index
that indicates the particular wave number. Previous analyses of non-swirling axisymmetric

i discharging annular films indicated the existence of only four wavenumbers with positive
group velocity [17]. In the present case, modulation of the swirl velocity allows for the
existence of one additional wavenumber solution with positive group velocity.

Figs. 2, 3 and 4 illustrate the solutions to Eq. (20) obtained by Mathematica™ plotted |
over n and w for € = 1/4/10 and R = 10. Each of the various computed solutions might
represent a different wavenumber in a different parameter range (w, n). After combination of
the various branches from the different solutions in order to represent the seven wavenumber
solutions k(i = 1,...,7), one observes that, wavenumber plots k;(w) for non-axisymmetric
cases with n < 5 will resemble the axisymmetric result (n = 0) qualitatively. The described
collection of branches into the different wavenumber solutions was guided by comparison with
the Wavénumber solutions previously determined for non-swirling annular films (see Figs. 3
and 4 of Ref. [17]). Fig. 5 displays wavenumbers k; as a function of w for the n = 3 case.
For w < 0.7 dashed a.nd solid lines illustrate predominantly dilational mode waves (k1;4),
whereas dotted and dash-dotted lines denote predominantly sinuous mode waves (ks and
k7). For larger Weber number cases (e.g. We = 1000) and n < 8 the functional dependence
of wavenumbers k; on forcing frequency is similar to the We = 5 case illustrated here, even
t;hoﬁgh absolute valuesb might be quite different. Note that pure dilational or sinuous waves
only appear as the planar film limit R — oo is approached. Prediction of the wave-character

(i.e., dilational or sinuous) is made via evaluation of the amplitude ratio h?/n? which is
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independent of the imposed upstream (or nozzle) boundary conditions, i.e.

h? 2 ((.d - ki)z
-7]_? =R ﬁ+k?——_—_4s2 _ (28)

Evaluation of Im(k;] and consideration of C(k;) = dw/dRe[k;] shows that for the case
“illustrated in Fig. 5 no sinuous mode wavenumber (dotted and dash-dotted lines) is to be
rejected (i.e. C(ks—7) > 0) and no unstable “sinuous” mode wavenumber exists. The same
is true for the axisymmetric mode and gon—a:dsymmetﬁc modes (with n < 8) of the 51m11ar
case (i.e. R =10, € = 1//10 or We = 5) (see Figs. 2 — 4). Only one of the four “dilational”
mode wavenumbers, namely k3, produces exponentially growing solutions in the downstream
direction. In Fig. 5, this wavenumber case is indicated by the solid line.

Fig. 6 illustrates the growth rate for the described unstable predominantly dilational
wave ks as a function of modulation frequency and circumferential wavenumber n for the
particular case of We = 1000 (or & = 1/1/2000) and R = 10. From Fig. 6 and similar results
for various other combinations of We and R, we observe that for large Weber numbers, the
instability range of the unstable dilational mode wave decreases with increasing n-values. For
unstable behavior and large w values, the growth rate decreases with increasing n values.
In fact, for large enough n-values, no film instability might exist. However, for unstable
behavior at small w values, the growth rate is found to increase with increasing values of n
until for large enough n-values, the growth rate drops down to zero.

As the Weber number is decreased fat Gxed R-values). the maximum zrowrh rare of the
unstable dilational-mode wave is increased. Compare Fig. 6. Fig. 7 and Fig. 8 for We =

1000.30 or 5 and R = 10. respectively. Fig. 8 also illustrates that for small Weber numbers.
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and small enough n-values, thg instability range of non-axisymmetric modes (n # 0) is larger
than for the n = 0 case. However, as in Figs. 6 and 7, for a given parameter set R and We,
the maximum growth rate is still observed for the axisymmetric (n =0) case.
For the same case as depicted in Fig. 7, Fig. 9 shows the dependence of the wave angle
_d6:/dz = —k;/n for the unstable predominantly dilational wave (i = 3) on the circumferential
wavenumber n. The magnitude of the wave angle is found to decrease with increasing n-
values and at fixed w-values, except for small values of w. Also, |d8/dz| increases essentially
Hnea.rly with w at fixed n, exéept for small w values. In the latter case, the considered
unstablé dilational-mode wave has negative wave velocity but positive group velocity, so
that the winding of the helical structure generated by the wave changes from clockwise to
counter-clockwise. This behavior has also been observed within the numerical analysis of

the corresponding initial-and-boundary-value problem.

Linear Field Solutions

Solutions to the linear boundary-value problem discussed earlier were obtained for the
case where the five boundary conditions at z* = 0 are given by harmonic variations imposed
onto variables h,7,u*,v* and w* according to e™~“*) with complex forcing amplitudes
denoted by ~° 7° 4% v® and w®. For the purpose of validating the numerical analysis pre-
sented below and for the purpose of identifying the influence of nonlinear effects on the
growth of unstable waves (via comparison between linear analytical and nonlinear numer-
ical results). the linear problem was solved for the case where onlv the unstable dilational
mode wavenumber k; is being generated at the nozzle through modulation of the film thick-

ness. i.e. A(z* = 0.t) = h® cos(nf — wt*). Accordingly. the above equations are solved
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for the complex forcing amplitudes 7°,4°%,v° and w®. In particular, coefficients pertaining
to wavenumbers other than ks, i.e. Apjz2, Agjza, Ausjz2, Ave jp2 and Aye j2o, are zero and
Anz = h°. Coeflicients A3, Ay- 2, Ay 2 and Ay- 5 are readily determined from Equs. (24)
through (27). Table 1 lists the various nonzero coefficients (normalized by h°) for the cases

which have been used to compare linear analytical and nonlinear numerical solutions.

Nonlinear Analysis

The governing equations for the nonlinear three-dimensional distortion of swirling annular or
conical liquid sheets have been solved numerically by using the Law-Wendroff Method with
Richtmyer splitting [22]. Initial conditions for the transient simulations of swirling and non-
swirling annular films are trivial (Ar(z,t = 0) = Ary,7(z,t = 0) = 7). The initial ilm shape
for swirling conical films (discharging from the nozzle with more swirl than needed to stabilize
the film in its annular positions) was obtained by integrating the nonlinear axisymmetric
film equations in the downstream direction starting at the nozzle exit. See Ref. [3] for more
details. Modulations of the dependent variables Ar*, 7*r, u}, vy and wg were imposed at the
nozzle exit (z* = 0) in order to generate: 1) The unstable “dilational” mode wave predicted
by linear theory (annular case only) and 2) a system of standing and/or travelling waves
(annular and conical case). The former provides a dynamically simple system, which eases
the comparison between linear and nonlinear theories. The latter case has been considered in
context with the active control of the film disintegration process; it represents a dynamically
complex system.

For both swirl-stabilized annular and ‘conical’ sheets, the number of boundary conditions
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at the nozzle exit was chosen according to the number of wavenumbers k; with associated
positive group velocities, relevant to the linear boundary-value-problem analysis presented
earlier for swirl-stabilized annular films, i.e. five boundary conditions were imposed at z* = 0.
Analogous to the analysis of swirling axisymmetric films (3], boundary conditions at the noz-
_zle exit for nondimensional sheet thickness Ar*, radial sheet-centerline location 7, and the
velocity components in thé axial, radial and circumferential direction u§, v} and w] were
chosen according to the described steady-state solutions, but with additional harmonic va.n-
| ations of the film thickness or the axial, circumferential and transverse velocity.components
generating axisymmetric or three-dimensional standing and/or travelling sinuous or dila-
tional mode waves.

As in Ref. (3], additional numerical boundary conditions (required to solve the unsteady
problem) were specified for 8°Ar*/82*? and 8°7*/8z*? with values corresponding to the
imposed steady-state initial conditions.

In summary, for the analysis of the considered unsteady problem, five boundary condi-

tions and two numerical conditions were specified at the nozzle exit.

Parameter Range_ahd Forcing Conditions

Analogous to previc;us work by the authors, and in order to omit the dominance of tran-
sient effects in the majority of the nonlinear numerical simulations, the presént numerical
study was limited to large Weber number flows, i.e. We = 50 or We = 1000. Values for the
radius-io—thickness ratio of the discharging films. as well as valnes for the imposed circum-
ferential wavenumber and forcing frequencies (determining downstream and circumferential

disturbances) were chosen small enough to guarantee film rupture and/or the appearance of




significant nonlinear three-dimensional effects within a computationally feasible time frame.
In addition the same parameters were chosen iarge enough so that the assumptions of the
employed lubrication model are not violated. For all the results presented here, the nondi-
mensional annular radius has been fixed at R = 10. Results computed for cases with n = 1
_have not been included due to the delayed appearance of three-dimensional effects even at
circumferential wave amplitudes comparable to those of the downstream-propagating waves.
The analysis of conical films was limited to cases with swirl number k = 10, indicating that
the liquid exits the annular slit nozzle with ten times the amount needed to stabilize it in the
annular configuration. The steady-state cone angle in this case is approximately 44 degrees.
Disturbance amplitudes in the various flow variables were chosen over a wide range. Small
amplitude values were used in order to benchmark the numerical model by allowing direct
comparison between linear analytical and numerical results for a given set of boundary or
forcing conditions. Larger amplitude values were chosen in order to predict the appearance
of nonlinear effects and possibly film rupture near the nozzle exit. As noted before, early
appearance of nonlinear effects and film rupture were essential in order to perform the nu-
merous nonlinear quasi-three-dimensional numerical simulations in a reasonable time frame
and at reasonable compﬁtational costs. Note that, in general, practical liquid film atomizers
are designed (among other things) to achieve film rupture, disintegration and atomization
at short distances from the atomizer nozzle. The latter being an important requirement in
the design of more compact, i.e. shorter and lighter, combustion systems.
Here, we focus on 1) a comparison of linear and nonlinear unstable dilational mode waves
on swirling annular films and 2) a description of film topology and film rupture under a variety
of forcing conditions resulting in standing and/or travelling sinuous and/or dilational waves

22



via modulation of various different flow variables, i.e. ¢ = 1, ug, v5, ws. The general forcing

condition for one of the flow variables ¢ employed here is given by

, T ot . omtt . ontt
p=0+¢ [L- et/ [fl(—T;— + 6" alnd = 70) ()

(29)

“Here, ® represents the steady-state value of the particular flow variable. f,, f> and f; denote
either sine or cosine functions. The parameter j takes the value 0 or 1 in order to model
a standing or a travelling wave, réspectively. The exponential term [1 — e(~*"/T<)] assures
a smooth start-up of the transient simulation preventing the film distortion process from
being dominated by the dynamics of the initial wave-front propagating into the undisturbed
semi-infinite film [23]. T, denotes the characteristic time for the described start-up process.
The various parameter combinations and forcing conditions which have been a.nalyzéd are
summarized in Tables 2 through 8, together with data on film break-up time and length for
the various cases. If film rupture did not occur within the computational time frame, min-
imum film thickness and corresponding downstream location (at the end of the simulation)

are tabulated instead.

-

Single “Dilational” Wave Modulation

Figs. 10 and 11 show the instantaneous film thickness as a function of downstream dis-
tance for a swirling annular film with We = 1000, R = 10 and n = 0 or n = 3, respectively.
The forcing frequency in both cases was w = 0.26 with hg = 0.35. Boundary conditions have
been specified 1n order to generate the previously discussed unstable dilational wave only.
For the axisymmetric case illustrated in Fig. 10 the nondimensional film breakup length (i.e.

length measured from the nozzle exit to the first point of film rupture) is {; = 390. The
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rupture occurs at ¢; = 422.85 measured in nondimensional terms. Comparison with linear
analysis shows that the nonlinear growth rate (at z* = 300) is about 56 % larger than pre-
dicted by linear theory. For the non-axisymmetric mode shown in Fig. 11, breakup length
and time were predicted as l; = 245 and t; = 275.55, respectively. Here, the increase of the
_film thickness Arp,,, is approximately the same as for the n = 0 case. On the other hand,
the decrease of Aty in the downstream direction is larger for the n = 3 case resulting in
shorter film break-up time and length. Wave angle measurements obtained from the the
nonlinear numerical simulation shown in Fig. 11 agree very well with the wave angle pre-
diction df/dz = —k/n obtained from linear theory. In other words, constant film-thickness
values are found along z = —(n/k)@ lines.
Figs. 12 and 13 demonstrate film distortion and rupture for a a lower Weber number case,
i.e. We = 50, at the same annular radius, forcing frequency and circumferenfial wavenumber
as in Fig. 11 (R = 10, w = 0.26, n = 3). The disturbance amplitude in the film thickness
for this case was hg = 0.15. The lower Weber number results in an increased growth rate
of the modulated unstable “dilational” wave. Consequently, breakup length and time are
significantly smaller than for the similar larger Weber number case. In particular, §f = 95
and ¢} = 115.2 for the czﬁe shown in Figs. 12 and 13. Observed growth of Ar,,.. and decrease
of ATmin in the downstream direction correspond to the observation previously described for
the larger Weber number case (Fig. 11). Also, distortion characteristics are not different
from the larger Weber number case. It is noted here that, for the similar axisymmetric case
(n = 0), film rupture does not occur within the simulated time frame (0 < ¢t* < 150).
The present nonlinear analysis considers an initial- and boundary-value problem. Film
modulation is started at ¢t* = 0 after which the front of the film disturbance is propagated
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downstream into the undisturbed flowing film. As discussed earlier, the temporal growth of
the propagating initial wave-front might dominate over the spatial wave grthh; the latter
resulting from continuous modulation at a prescribed forcing frequency. Comparisons of the
corresponding film rupture lengths and times with predictions from linear spatial theory
- .are not appropriate. The dominant behavior of the described transient effect is observed in
Figs. 14, 15 and 16. for n = 0 or n = 3 with R = 10, w = 0.06, We = 50 and Ar*® = 0.15.
Even as transient effects dominate the film distortion prbcess, non—éxisymmet:ic disturbances
provide shorter break-up length and break-up time. For the axisymmetric case in Fig.» 14,
" film rupture does not occur within the simulated time frame, i.e. 0 < t* < 250. For the
non-axisymmetric n = 3 case illustrated in Figs. 15 and 16, film breakup (dominated by
“start-up” effects) is observed at [; = 117.5 adn t§ = 127.2. At the time of rupture, film

distortion is highly nonlinear, particularly close to the propagating wave front.

Multiple Dilational Wave Modulation / Wave System
In order to investigate the feasibility of actively controlling the film disintegration process,
film distortion and film rupture were investigated for the case where multiple superimposed

waves are generated at the nozzle exit.

Non-suirling Annular Films
Fig. 17 illustrates the case of a dilationally modulated non-swirling (pressure-stabilized)
annular film with a harmonic forcing imposed at z* = 0 according to
_t‘

ug(t™) =1+ 4 [l —exp ( T

e

2QTt*
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wi(t*) = B [1 —exp (%)] sin (n) sin (g%’?) (31)
where t* denotes the nondimensional time variable, and € is measured in radians. For non-
swirling annular sheets, stabilization of the undisturbed film is achieved by a nonzero constant
pressure difference across the film, i.e. pg— —pg+ = 0(1/ro 4+ +1/7,_) = 207y /(13 — Ar2/4),

-Where the subscript ‘0’ denotes undisturbed values at the nozzle exit. The Weber number
for this case is We = 1000, the undisturbed annular film radius 7j = 10, T, = T, = 10 and
A= B = 0.04. Five (standing) waves have been imposed in the circumferential direction, i.e.
n = 5. As observed from Fig. 17, the imposed film modulation results in the development
of a regular cellular structure on the film in the downstream direction from the nozzle exit.
As the amplitude of the film distortion increases, a system of fluid ligaments forms. The
ligaments are elongated in the circumferential direction and are connected by a thinner film
of liquid. Local maxima and minima in the film thickness alternate in the circumferential
direction and also in the downstream direction at constant #-value. Points where the film
breaks first (i.e. where it reaches zero thickness) are found at the same downstream location
z* and located near the transitions between the thin film regions and the thicker ligaments
resulting in the simultaneous formation of larger stretched free liquid ligaments inter-spaced
by thinner fluid films. Both larger ligaments and thinner fluid fluid films are expected
to contract towards a spherical shape due to surface tension (after being generated from
the continuous film) and oscillate, due to the absence of viscous damping, around their
spherical equilibrium shapes. A sunple theoretical analysis consideriug the aspect of viscous

dissipation in liquid atomization systems can be found in Ref. {24]. Note that the current

implementation does not allow for continuation of the simulation bevond the point when the
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film breaks at some location(s).
Fig. 18 illustrates the similar (pressure-stabilized) case as shown in Fig. 17 but now with
a three-dimensional sinuous modulation enforced at the nozzle. The behavior is generated

by harmonic variations of the transverse film velocity ’according to

*

I,

Zital)
T

w(t) = C [1 —exp ( )] cos (nf) sin ( (32)

with C = 01,7, =T, =10 and n = 5 In tlﬁs case, the initially regular three-dimensional
sinuous disturbance flattens in the downstream direction, generating thicker fluid nngs (with
circumferential thickness fluctuations) which are connected by thin films of liquid. The ob-
served change from a three-dimensional sinuous to a more or less axisymmetric dilational
structure results from the development of nonlinear sinuous-dilational mode coupling down-
stream, but is also related to the presence of multiple downstream propagating waves result-
ing in an envelope behavior for film thickness and film centerline location in the downstream

direction. The latter has already been described for non-swirling axisymmetric annular films
[17] and was observed, for example, also in cases 2 and 3 of Table 6. As in the dilationally
modulated case, film rupt;re is observed first between the larger fluid rings. The fluid rings
themselves can be expected to break due to the dominance of the most unstable wavelength

analogously to the Rayleigh instability mechanism for straight liquid jets [25, 26].

Swirling Annular Films
Fig. 19 ilustrates the film thickness distribution for a non-swirling pressure-stabilized
annular liquid film, when the front of the disturbance generated by the modulation has

propagated to about z* = 35 in the downstream direction. Problem parameters for this case
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are the same as for the case illustrated in Fig. 18. The film was. modulated according to the
forcing conditions prescribed in Eq. (32). Fig. 20 shows the instantaneous thickness distri-
bution at the same time for the corresponding swirl-stabilized case. Comparison of the film
distortion for pressure-stabilized and swirl-stabilized films shows no significant differences in
_the particular film thickness distribution. However, as already observed for axisymmetric
films [3], disturbance amplitudes are significantly larger in the swirl-stabilized case, reducing

the length between nozzle exit and downstream position where film rupture first occurs.

Swirling Conical Films

Fig. 21 shows the outer film surface location for the case of a swirling conical sheet
generated by liquid which exits the annular slit nozzle with ten times the amount of swirl
needed to stabilize the film in its annular configuration when exiting the nozzle. In other
words, the swirl velocity for this case is ten times larger than for the case illustrated in
Fig. 20.

Initial conditions for this case were obtained by solving the nonlinear steady-state ax-
isymmetric equations as described in Ref. [3]. The liquid film is modulated sinusoidally at
the nozzle (z* = 0) according to Eq. (32). The Weber number for this case is We = 1000,
R=10and T, =T, =-10. As in the previous case, 5 standing waves were imposed at the
nozzle exit, i.e. n =5, with C = 0.1.

For the same case and at the same time, Fig. 22 shows the instantaneous film thickness
distribution. Interestinglv. areas of the film. with a local maximum of the film thickness at the
nozzle exit develop into areas with two local maxima in the film thickness. The latter is not

found for the similar swirling annular sheet of Fig. 20 and results from the film divergence in
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thé conical case. Film divergence due to excess swirl also causes the regular cellular structure
obsen’red at the nozzle to stretch forming a net-like or web-like configuration of thicker fluid
ligaments imposed onto a thinner layer of liquid (see Fig. 23). As previously described for
non-swirling annular films, film rupture first occurs in the transition regions between the

_thinner liquid layers and the thicker ligaments. For both non-swirling and swirling annular

 films described earlier, initial film break-up points are located at the same downstream
position and more or less symmetrically on both sides of the thin films or thicker ligaments.
In the swirling ébm'cal case, this symmetry is lost and initial rupture points are found only
on one side of the thin film regions, whereas the other side still remains connected to the
neighboring larger liquid mass. Depending on the flow conditions, the fluid within the thin
films might be subsequently re-absorbed into the larger ligaments. Note that, for the annular
films of Figs. 19 and 20, the continuous liquid film is expected to disintegrate initially into
thinner liquid layers located between larger fluid ligaments. However, recombination of the
larger fluid masses with the smaller ones is still possible due to different relative velocities
of their center of gravity. The latter is analogous to the recombination of main and satellite
droplets observed in liquid jet atomization processes such as ink-jet printing [27].

For larger disturba.ﬁce amplitudes, film breakup occurs close to the nozzle exit (see
Fig. 24) with film distortion being highly nonlinear prior to breakup. For the case shown
in Fig.24 fluid accumulates into spike-like structures with the possibility of drop generation
before film breakup into larger ligaments occurs. It is conceivable that droplets ejected
into the inner region of the conical film will impact onto the film :causing film rupture and
atomization at the downstream location where they have impacted. The relevance of the

impingement of droplets onto dischargingvliquid films near the nozzle exit has élready been

29




consideréd by other authors [28].

Clearly, in order to investigate liquid-film dynamics after initial break-up of the continu-
ous film is predicted, the current model has to be extended to describe the dynamics of the
newly generated free film edges. At the film edges, lubrication equations cannot be employed.

_Rather, the authors envision a combination of a dynamic-film-edge model in combination
with the current lubrication model away from the edges. Limitations of this combined model
are reached when the thickness-to-length ratio of the retracting free liquid ligaments is of
O(1). Also, as noted earlier, rejection of boundary conditions at tile nozzle exit on the basis
of the Sommerfeld radiation condition can no longer be employed after rupture of the semi-
infinite film generates free ligaments and a finite-length continuous film is discharging from

the nozzle exit.

Summary

Linear and nonlinear analyses of modulated three-dimensionally distorting thin inviscid free
liquid films discharging into a gas of negligible density are presented. The nonlinear numer-
ical analysis uses a lubrication model reducing the three-dimensional problem to a system
of two-dimensional unsteady equations. Linear theory for swirling annular films predicts
that for We > 2 only one unstable wave is generated on the film due to its modulation at
the nozzle exit. Depending on Weber number and film radius, linear growth rates for this
unstable dilational mode wave uught be larger for non-axisvimmetric modes than for the
corresponding axisymmetric case. However, for the considered parameter range, maximum

growth rates for a given Weber number and annular radius are still observed for the ax-
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isymmetric case. Modulation of multiple dilational mode waves at the nozzle exit allows for
uniform breakdown of swirling and non-swirling annular films indicated by the generation
of uniformly sized liquid volumes which are uniformly spaced and connected by thinner lig-
uid layers. Film topology and break-up of three-dimensionally modulated conical films are
_discussed. Comparison with the corresponding swirling annular film shows that for sinuous
film modulation, film divergence causes the separation of initially formed larger fluid blobs
into a pair of smaller fluid volumes‘ connected by an even thinner liquid léyer.

Within the considered large Weber number a.nd low forcing frequency range, wave an-
gle measurements from the nonlinear numerical simulations agree very well with predictions
df/dz = —k/n obtained from linear theory for both sinuous and dilational waves on swirling
annular films. On clockwise swirling conical films, spiraling dilational and sinuous waves
moving in the clock-wise direction increase in slope as the film thins out in the downstream
direction. The slope of counter-clockwise propagating waves decreases with downstream dis-_
tance. The described changes in slope can be attributed to a decrease in swirl velocity with
increase in annular film radius downstream that results from the conservation-of-angular-
momentum principle. Based on the location of the initial film rupture points and the thick-
ness distribution at the ﬁme of film rupture, Figs. 25 through 29 illustrate projected break-up
patterns characteristic for the cases with pure standing or travelling dilational or sinuous
mode waves modulated at the nozzle. For mixed standing/travelling and sinuous/dilational
wave modulation, the resulting break-up pattern are modified or mixed versions of the pat-
terns illustrated in Figs. 25 — 29. Here, filled circles indicate locations of local maxima

in the film thickness, solid lines are perpendicular to the directions along which the various

modulated waves (two in the standing-wave cases, one in the travelling-wave cases) are prop-
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agating. Dashed lines represent predictions for the freé film edges generated after the initial
rupture of the film. The illuscrated break-up pattern (dashed lines) are derived from the
assumption that after the initial local rupture of the film , the free liquid edge(s) propagates
mainly along the direction where the film thickness is the smallest. This assumption is based
on the observation that the velocity of a free liquid-film edge is given by u, = m,
where o, p and t denote surface tension coefficient, density and thickness of the uniform film
[29]. For the investigated cases with travelling dilational or sinuous mode circumferential
waves (wavenumber 7n), superposition with the imposed axial wave (wavenumber k) resuits
in an oblique wave spiraling clock-wise downstream on the annular or conical film. Here, ini-
tial film breakup occurs simultaneously at various z = constant points. The perforations are
expected to expand along the line of minimum film thickness (see dashed lines in Fig. 25 for
the annular case) which results in the formation of liquid filaments spiraling downstream in
the counter-clockwise direction (“filament beak-up”). On swirling annular films with super-
imposed dilational standing-wave modulations in the circumferential direction, film rupture
first occurs after the formation of larger fluid blobs and upstream just behind these larger
fluid masses. Again, initial film rupture will take place simultaneously at various z =constant
positions. Subsequent expansion of the film perforations can be expected to generate a more
or less circular pattern within each cell formed by neighboring fluid blobs. This type of film
rupture can be characterized as “cellular break-up” and is illustrated in Fig. 26. The same
break-up pattern can also be observed for non-swirling (pressure-stabilized) annular films
and for swirling conical films with similar forcing conditions (see Fig. 27). However, due
to film divergence the “cells” will stretch in the conical case and film thickness within the

cells will be reduced. Therefore, expansion of the film perforation is expected to occur sig-
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nificantly faster than in the corresponding annular case. Note, however, that initial rupture
of the film in the conical case is delayed. Fig. 28 illustrates the break-up pactern expected
for the considered swirling annular cases with a standing sinuous circumferential wave im-
posed at the nozzle exit. As for the dilational case discussed earlier, initial ilm perforation
_takes place just behind the larger fluid blobs. However, in this case the perforations are ex-
pected to propagate (more or less) along z = constant lines in the circumferential direction

. (see Fig. 28), ultimately resﬁlting in the detachment of fluid rings with pronounced thick-
ness fluctuations in the circumferential direction (“ring break-up”). The similar standing
wave sinuous mode modulation imposed onto the conicé.l film geometry yields the “filament
break-up” pattern shown in Fig. 29. For the investigated cases, the filaments are spiraling
clock-wise in the downstream direction. In contrast to the single wave modulation of Fig. 25,
breakup of the filaments in Fig. 29 will be greatly influenced by the existing non-uniform

mass distribution along the filaments.
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Table 1: Nonzero normalized coefficients within Egs. 21 if only the unstable dilational mode
wave with wavenumber k; is modulated at the nozzle exit.

case We = 1000 We = 50,w = 0.26
w = 0.06 w =0.26 w = 0.06 w = 0.26

Relks] 0.259998 0.247686 0.259957 0.205644

Im(k;) -0.00336706 -0.00241779  -0.0150983  -0.0122502
Re[A, 2/h9) 4.07431 1.07193 -2.35187 1.31047 1.06706 1.85022
Im[A,2/h%]  0.158797 0.0202575 1.91089  0.102595  0.0903446  0.819221

) Re[A,-2/h%  -0.00383658  -0.000203372  -0.0102061 0.00577779  -0.00406128 -0.000287701

[Ay- 2/h%) 0.151768 0.0143359 0.00764552  0.0169967  0.0640431 0.107195
Re[A,-2/R%]  -0.0814861 -0.00479382 -0.117893  -0.00604028 -0.0213412  -0.0679461

[Aw-2/R% -0.003167593 -0.0000905945  -0.13906 0.0121581  -0.00180689  0.0833378
Re[A,» 2/ ho] 0.0262353 0.0036093 -0.0459605 0.00305534  0.0161147 10.0180419
Im[A,-2/h%] -0.00143516  0.0000660645 0.00966504 0.00169273  0.00131817  0.0204783

Table 2: Dilational travelling wave modulation on swirling annular films generated via har-
monic oscillations of axial film velocity u* [R = 10, T, = 15, We = 1000, f1 = f; = sin,
fa=cos, j=1,u5=0.025, n=v" =u* = w* =0|.

case n Ty Ud kK tym Iy (m)

0 1 2 0 1 120 100

1 1 2 01 1 100 80.1 (0.2)
2 3 27 01 1 1179 98

3 3 2x/3 0.1 1 1221 102

4 3 20/3 0.1 1 1176 975

5 3 2 0.1 10 1146 94.8
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Table 3: Dilational travelling or standing wave modulation on swirling annular films gen-
erated via harmonic oscillations of axial film velocity u* [R = 10, T, = 15, We = 1000,
Ch=sin, fa=1, fa=cos,n=3, Ty =2m, uy =0.025, n=v" =u* = w* = 0].

case uy;, J k tym U

0 01 1 1 1181 9738
- 1 1.0 1 1 1057 87.1

2 01 0 1 1194 995

3 05 0 10 1169 978

Table 4: Sinuous travelling wave modulation on swirling annular films generated via harmonic
oscillations of transverse film velocity v* [R = 10, T, = 25, We = 1000, f; = f3 = cos,
fa=cos, Ty = 27, v5 = 0.1, n = u* = w* =0].

case n vy; Kk lym lym
0 3 01 1 1426 1137
1 3 05 1 131.7 102.6
2 0 01 1 145.1 116.2
3 3 0.5 10 181.7 153

Table 5: Sinuous standing and travelling wave modulation on swirling annular films generated
via harmonic oscillations of transverse film velocity v* [R = 10, T, = 25, We = 1000, f; = cos,
f3=17 f2=COS,n=3, T'tr=27ra U(; =0'17 77=U'=w'=0]-

case vy, J k  tym lbm
f] 05 1 1 139.2 85.2
1 05 0 1 1ov.l 78.9
2 05 0 10 1456 118.1
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Table 6: Sinuous or mixed sinuous/dilational standing wave modulation on non-swirling
annular films generated via harmonic oscillations of transverse film velocity v* or both film
thickness 7 and v*. [R =10, T, =10, We=1000, k=1, f=1,5=0,n = 5,u" =w* =0].

case fi  fo (v (") tom loim

0 sin cos 0.17 75 39.8 (0.4)

1 sin 1 0.5” 65 50.3 (0.15)
0 cos 0.2°

2 sin sin 0.5” 100 48.2 (0.23)
sin cos 0.5’

3 sin sin 0.4” 75 46.8 (0.05)
sin cos 0.4’

Table 7: Sinuous or dilational travelling or standing wave modulation on swirling films
generated via harmonic oscillations of either u*, v* orw*. [R = 10, T, = T, = 10, We = 1000,
fa=cos, f=0,7=0]. |

\

case fy J uw(), v ("), w () n k tynm L (m)

0 s 0 025 5 1 375 23.1(0.19)
1 sin 0 0.25” 5 10 364 234

2 sin 0 0.15” 5 10 56.3 33.1

3 sin 0 0.17 5 10 78 57.5 (0.1)

4 1 1 2 2 10 70 52.4 (0.015)
5 1 1 005 2 10 77.5 55 (0.019)

6 sin 0 0.05 2 10 75 52.5

7 sin 0 0.5 4 10 276 185
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‘Table 8: Modulation of single unstable dilational mode wave onl Dilational travelling wave
modulation on swirling annular films generated via harmonic oscillations of axial film velocity
u* [R =10, T, = 15, We = 1000, f, = f; = sin, fa=cos, j=1,u5=0025n=0v"=¢" =

w* = 0].

case n Ty usd ko lyim

0 1 2T 0 1 120 100

1 1 2r 01 1 100 80.1(0.2)
2 3 2T 0.1 1 1179 98
33 27/3 01 1 1221 102

4 3 207/3 01 1 1176 975

5 3 27 0.1 10 1146 94.8
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Figure 1:

Figure 2:

Figure 3:

Figure 4:

Figure 5:

Figure 6:

Figure 7:

Figure 8:

Figure 9:

Figure 10:

Figure Captions

Schematic depictions of the investigated semi-infinite annular and conical swirling sheet con-

figurations: (a) dilational modulation, (b) sinuous modulation.
Solutions 1-3 to Eq. (20) obtained via Mathematica™™
Solutions 4 and 5 to Eq. (20) obtained via Mathematica’™.
somions 6 and 7 to Eq. (20) obtained via Mathematica™.

Solutions to Eq. (20) for wavenumbers k;(i =1,...,7) [We =5, R = 10,n = 3]. For w < 0.7,
ki—4 are predominantly dilational mode waves and ks..; are predominantly sinuous mode

waves.

Growth rates for unstable dilational mode wave k3 [We = 1000,R = 10]: o:n=0,0:n =1,

C:n=2,A:n=3,yv:n=4.

Growth rates for unstable dilational mode wave k3 We=50,R=10: 0o:n=0,0:n=1,

C:n=2,A:n=3,y:n=4.

Growth rates for unstable dilational mode wave k3 [We =5,R=10): o:n=0,0:7n =1,

Cin=2,A:n=3,Y:n=4.

Wave angle dd/dz* = k/n for unstable dilational mode wave k3 We=50,R=10]: O:n=1,

C:in=2,A:n=3,y:n=4.

Instantaneous film thickness distribution for swirling annular axisymmetric liquid film (n = 0)
with modulation of the film thickness at the nozzle exit in order to generate the unstable
dilational mode wave predicted by linear theory [R = 10, w = 27T, = 0.26, We = 1000,
Aar- = 0.35; [ =390, t; = 422.85].
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Figure 11:

Figure 12:

Figure 13:

Figure 14:

Figure 15:

Figure 16:

Figure 17:

Instantaneous three-dimensional film thickness distribution for swirling annular liquid film
(n = 3) with modulation of the film thickness at the nozzle exit in order to generate the
unstable dilational mode wave predicted by linear theory [R = 10, w = 27T, = 0.26, We =

1000, Aa,- = 0.35; I7 = 245, £} = 275.55).

Instantaneous film three-dimensional thickness distribution for swirling annular liquid film

(n = 3) with modulation of the film thickness at the nozzle exit in order to generate the

‘unstable dilational mode wave predicted by linear theory [R =10, w = 27T, = 0.26, We = 50,

Apr- =0.15].

Instantaneous film interface locations for the swirling annular liquid film of Fig. 12. Film

break-up length and time are I; = 95 and t; = 115.2, respectively.

Instantaneous film thickness distribution for swirling annular axisymmetric liquid film (n = 0)
with modulation of the film thickness at the nozzle exit in order to generate the unstable
dilational mode wave predicted by linear theory [R = 10, w = 27T, = 0.06, We = 50,

Apr- = 0.15; ] > 225].

Instantaneous three-dimensional film thickness distribution for swirling annular liquid film
(n = 3) with modulaﬂ.‘t.ion of the film thickness at the nozzle exit in order to generate the
unstable dilational mode wave predicted by linear theory [R = 10, w = 27T, = 0.06, We = 50,

Apr- = 0.15; 7 = 117.5, t; = 127.2].

Slices through the distorting liquid film of Fig. 15 at various downstream locations. Nozzle

exit located at =* = 0.

Instantaneous film-interface locations for non-swirling (pressure-stabilized) annular liquid

film dilationally modulated at the nozzle exit z* = 0 according to Eqns. (30) and (31)
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Figure 18:

Figure 19:

Figure 20:

Figure 21:

[R =10, We = 1000, T, =T, = 10, n = 5, A = B = 0.04).

Instantaneous film-interface locations for non-swirling (pressure-stabilized) annular liquid
film sinusoidally modulated at the nozzle exit z* = 0 according to Eq. (32) [R = 10, We =

1000, T, =T, = 10, n = 5, C = 0.1].

Instantaneous non-dimensional film thickness distribution for the non-swirling (pressure-

stabilized) annular liquid film of Fig. 18, subject to three-dimensional sinuous forcing at

the nozzle exit z* = 0 according to Eq. (32) [R = 10, We = 1000, T, = T. = 10, n = 5,

Cc =01

Instantaneous non-dimensional film thickness distribution for swirling annular liquid film
subject to three-dimensional sinuous forcing at the nozzle exit z* =0 according to Eq. (32)

[R = 10, We = 1000, T, =T, = 10, n. = 5, C =0.1].

Instantaneous outer interface topology for swirling conical liquid film with three-dimensional

sinuous modulation enforced at the nozzle exit z* = 0 according to Eq. (32) [R = 10,

We = 1000, T, =T, = 10, n = 5, C = 0.1, swirl number k = 10].

Figure 22:

Figure 23:

Figure 24:

Figure 25:

Instantaneous non-dimensional film thickness distribution for swirling conical liquid film of

o

Fig. 21.
Disturbed and undisturbed outer film interface for the swirling conical liquid film of Fig. 21.

Instantaneous film-interface locations for swirling conical liquid film with three-dimensional
sinuous modulation enforced at the nozzle exit z* = 0 according to Eq. ‘(32) (R = 10,

We = 1000, T, =T, = 10, n = 5, C = 0.25, swirl number k = 10}.

Sketch of general film break-up pattern for swirling annular liquid film in (z,8) plane at

instant in time with one dilational or sinuous travelling wave modulated at the nozzle. Solid
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Figure 26:

Figure 2T:

Figure 28:

Figure 29:

lines: maximum thickness contour lines (local line thickness = measure of maximum local

film thickness). Dashed lines: film perforation pattern.

Sketch of general film break-up pattern for swirling annular liquid film in (z,6) plane at
instant in time with standing dilational circumferential wave modulated at the nozzle. Solid
line: maximum thickness contour line for single oblique wave. Dashed line: instantaneous

free film edge. Shaded area: void. Solid circle: local film-thickness maximum.

Sketch of general film break-up pattern for swirling conical liquid film in (z, ) plane at instant
in time with standing dilational circumferential wave modulated at the nozzle. Solid line:
maximum thickness contour line for single oblique wave. Dashed line: instantaneous free film

edge. Shaded area: void. Solid circle: local film-thickness maximum.

Sketch of general film break-up pattern for swirling annular liquid film in (z,8) plane at
instant in time with standing sinuous circumferential wave modulated at the nozzle. Solid

line: maximum thickness contour line for single oblique wave. Dashed line: instantaneous

free film edge. Solid circle: local film-thickness maximum.

Sketch of general film break-up pattern for swirling conical liquid film in (z,8) plane at
instant in time with 'gta.nding sinuous circumferential wave modulated at the nozzle. Solid
line: maximum thickness contour line for single oblique wave. Dashed line: instantaneous

free film edge. Solid circle: local film-thickness maximum.
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ADDENDUM III

PF #7

Dynamic Stretching of A Planar Liquid Bridge

C. Mehring® and W. A. Sirignano®
Department of Mechanical and Aerospace Engineering, University of C’aliforﬁia, Irvine

(February 18, 2003)

Abstract

A thin incompressible viscous planar free liquid film in a void and under zero

gravity is analyzed by means of a reduced-dimension (lubrication) approach.
Linear analysis focuses on films with harmonic modulations in the axial film
velocity enforced at the ends of the planar bridge. Effect of changes in the
problem parameters on the overall distortion characteristics of the film are
discussed: Nonlinea.r film distortion and break-up is investigated for the case
of temporally increasing velocity at the end of the film resulting in continuous
film stretching eventually leading to film rupture. Implementation of the
employed numerical model is validated for the linear limit by comparison
with the analytical linear solutions and for harmonically modulated film-end
velocities.

Within the nonlinear analysis of the continuously stretched film bridge,
several distinct film topologies are identified depending on liquid Weber num-
ber and Reynolds number, i.e., the magnitude of the stretching rate (end
velocity) compared to signéﬂ propagation rates through the liquid via capil-
lary waves and viscous action. That is, the Weber number is the square of
the ratio of stretching rate to capillary wave velocity while Reynolds number

is the ratio of stretching rate to the characteristic viscous velocity. Here, film



topology is typically characterized by three distinct regions, i.e. a film wedge
forming at the pulling end(s), the film center region and a transition region. ’
The size and shape of these regions greatly depends on the particular case
under investigation.

Film distortion characteristics observed for continuously compressed pla-
nar films conform with observations made by other authors for the similar

case of contracting free liquid films.

Typeset using REVTEX



I. INTRODUCTION

Written reports on the analysis of thin films originate as far back as Leonardo da Vinci?
who described the formation of a liquid film when pulling a reed out of soapy water. Today,
liquid films are found in a wide variety of engineering applications including novel concepts
such as liquid film space radiators,?? liquid lithium films for inertial fusion reactors,* liquid
bells employed as toxic waste incinerators® and modulated injected fuel films for actively
controlled fuel spray formation in the combustion chambers of advanced gas turbine engines.

Previous work by the authors has focused on the initial distortion and disintegration
of continuously discharging films (or periodically disturbed infinite films) with relevance to
the described actively controlled fuel atomization process.” ® In an effort to understand the
dynamics of the larger fluid ligaments initially shed from the discharging continuous film, a
finite length continuously stretched or compressed two-dimensional planar liquid film in a
void (also referred to as liquid bridge) has been analyzed. The avoidance of considering a
finite-length film with free ends allows the use of lubrication equations (previously derived by
the authors) without additional modelling needs at the film ends. Those equations become
invalid for a freely contracting or stretching film whose ends are characterized by a radius
of curvature of the film interface that becomes as small as the film thickness.

Thin planar films in a surrounding void and subject to two-dimensional symmetric (or
antisymmetric) disturbances are well known to be linearly stable.!! However, nonlinear the-
ory has shown that the superposition of multiple symmetric disturbances on a periodically
disturbed infinite film can produce nonlinear film instability.!*!® Furthermore, for very thin
films, long-range molecular forces (acting between the two film interfaces) can also result in
film instability, even by linear theory. There have been various linear and nonlinear analyses
on this subject. For a detailed review the reader is referred to Ref. 11 and 14.

Previous work focused on periodically disturbed films with zero or constant “base flow”
velocity. Previous analyses of finite length liquid bridges focused on cylindrical fluid columns

or annular liquid/soap films rather than two-dimensional films.!3'® The proposed analysis a



dynamically stretched or compressed planar liquid bridge has not, to the knowledge of the
authors, been reported in the literature.

A brief nonlinear analysis of a contracting two-dimensional free liquid film was presented
in Ref. 17. The authors described topological changes in the interface distortion with changes
in Reynolds number and Weber number. The present work focuses on the interface dynamics
of the stretching film for various Weber numbers, Reynolds numbers, film-thickness-to-length
ratios and the acceleration period (time over which the film ends are accelerated from zero
velocity to the maximum pull velocity).

" In this context, it is worthwhile to note that in the spray formation application described
earlier, stretching of the initially formed liquid ligaments proceeds the contraction process,

the latter taking place once a sufficiently stretched ligament has ruptured.

II. GOVERNING EQUATIONS AND PROBLEM SET-UP

The governing equations within the liquid phase of an incompressible viscous planar free

liquid film at zero gravity are given by:

Ou Ow

5;-*-5—0 ‘ (1)
ou Ou Ou_ 10(p+9) 0%y 0%
T R i +”(ﬁ+azz @)
ou v, 0w 10p+8) (P P
ot +u8x+w62_ p Oz +V(8x2 0z? 3)

where z is the direction along the film, z is the transverse direction, u and w are the
respective velocity components, p is pressure, v is kinematic viscosity, and ® denotes the
potential energy function per unit volume which accounts for the presence of long-range
molecular forces and which depends on the thickness of the free film.!®!® When the film
thickness is large, the effect of the Van der Waals (long-range molecular) forces is well

represented through the Navier-Stokes equations with the use of surface tension in the

4



interface conditions and the ®-term is negligible. However, ® becomes important and can
even dominate film dynamics as the film thickness drops belowk 100-1000 Angstroms.!* The
present analysis will focus on film dynamics at fairly large film thicknesses so that here, Van
der Waals forces are included in the governing equations only to illustrate their potential
relevance as film thinning progresses, i.e. before film rupture occurs. The majority of results
presented here neglect the effects through the ®-term of the described intermolecular forces;
rather, their integrated effect appears in the continuum representation. |

Boundary conditions at the film interfaces z = h(z,t)+ are given by the following kine-
matic and dynamic conditions. |

Kinematic condition:

oh Oh
w= ey, O @)

Dynamic condition:

e

+ * My = —K30T4 (5)

where + and — refer to the upper and lower interface, respectively. In Eq. (\5), '? denotes the
stress tensor, x represents the interface curvature and 7 is the outward pointing unit normal
vector at the interface. Eq. (5) has a tangential and a normal component. The tangential
component, i.e. the total shear stress on the interface, is identical to zero since eXternally
imposed surface forces, as well as surface gradients of surface tension ¢ have been neglécted

here.

The stress tensor is given by

and




. (F0hs/dz,+1)
ny =
\/1+ (Bhs/0z)?
82hi/3x2 8
[+ (0hs/02)2 (8)

(7)

Ki=—‘7"ﬁ,=i

Accordingly, the components of the dynamic condition Eq. (5) in the axial and transverse

directions can be written as:

Ohs\?| [Bus Ows]  Ohs Ous
[1_(82:)][3z+8x]_48x Oz =0 (9)
2u Owy Ohy (Ouy  Ows\| _
Pe e+ [eu 0z oz ( 5z oz )} - ohs (10)

with e, + = [1 + (6h+/0z)?] and ess = [1 — (8hs/Bz)?). Since the film thickness is small
compared to the length of the film, we employ a polynomial expansion of the dependent

variables 8 = u, w, p, or ® in terms of z, i.e.
0 = 0g(z,t) + 0,(z,t) z + Oa(z,t) 22 + . .. (11)

analogous to the one presented in Ref. [5] for inviscid films.
Considering zero- and first-order terms in the series expansion for u and w within the

kinematic condition (4) yields,

Oh,  Oh,  60h.

W= TGy TMS e
T ot %or ‘20z
(12)
and
)
w_‘..=w0+'lU1§
w- = Wy — W7 g (13)

where ¢ denotes the film thickness 6(z,t) = hy — h_ and hy = £4/2, respectively. The

summation w, + w. and subtraction w, — w_ then provides

6



6 06

Wo = Uy~

49z |
1 (06 a6
w = g (-67 + Uo-gg) (14)

The leading-order approximation to the continuity equation Eq. (1) is given by

g-kwlz() (15)

which after consideration of Egs. (14 yields

06 O(uod)
6t+ or

=0 (16)

The lowest-order approximation to the axial (z—) momentum equation is obtained anal-

ogously (i.e. by replacing u,v and p by the appropriate series expansions) and is given by

Oug QEQ _ _l@(po + ‘I)o) 4 8211,0

R i PR R 4

where expressions for pg, ®¢ and u, remain to be determined (see below).
Employing a similar procedure, one obtains the lowest-order approximation to the trans-

verse (z-) momentum equation, i.e.

awo 3’11)0 _ 1
W"'“Og—— -;(P1+‘I’1) , (18)

Note that, the forces driving the transverse motion of the fluid are of first order (i.e. p; and
®,). Therefore, the transverse fluid motion in the considered dilational case, the transverse
ﬁuid motion can be neglected in this analysis. Nevertheless, substituting wy from Eqgs. (14)
into Eq. (18), one obtains an equation relating the first-order expansion coefficients uy, p
and ;.

Egs. (16) and (17) represent the leading-order equations considered within the present
analysis. In order to close the lowest-order system of equations and proceed with its (nu-
merical) solution, py, ®; and u, remain to be expressed in terms of known quantities or

quantities for which governing equations are given, i.e. § and u,.



An approximation for u, is obtained by employing the second-degree polynomial expan-
sion of v in the evaluation of 82u/dz%. This yields 8?u/0z* = 2u, or after integration from

the lower to the upper interface boundaries,

<= 5((%).- ) 6

The right-hand-side of Eq. (19) can be expressed by means of the shear-stress boundary

condition Eq. (9) solved for (0u/02)x, i.e.
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where an expression for (8w/dz): is obtained by taking the derivative of Eq. (1) in

z—direction and subsequent integration in z—direction. The result of this procedure yields
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where T = f,:'f udz/6 = ug + 6%/2uz + h.o.t. Introducing Eq. (21) into Eq. (20) yields the

integral form of the shear stress boundary condition,
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if only the two lowest-order terms in the expansion of u are considered. Therefore,
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The lowest-order approximation for the interface pressures p. is obtained by considering

only terms up to order one in the series expansion for p, i.e.

1)
pr=po £ Pig (24)

This yields py = (ps+ + p_)/2 whereby p. and p_ are taken from the normal stress

boundary condition Eq. (10). The result is
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where again only the two lowest-order terms in the approximation to u have been considered
in Eq. (10).

Note that, when evaluating us and py in Eq. (17), the employed lower-order approxima-
tion to the normal stress and shear stress boundary conditions Egs. (9) and (10) have not
employed any simplifications with respect to the interface geométry; in particular, the full
curVature term is retained in the evaluation of the surface tension within Eq. (10).

Using Egs. (22) and Eq. (25), Egs. (16) and (17) can be rewritten to obtain the leading-
order equations for symmetric film distortion governing the film thickness § = (hy — h_)

and the axial velocity ug

06  O(ud)
b‘t'l- py =0 (26)
2,,

'a—u-+u@——u?———[4+2( 1) ]+4vlﬁ§gg (27)
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where the subscript ‘0’ in ug has been omitted and
-1
186 185
=1 —— = |]1]—-| -
! +<26z> 9 [ (263:)} :
Furthermore, the last term in Eq. (27) represents —(0®,/0z)/p where ®, has been expressed
by
By = A5° - (28)
according to Ref. 18, with A = A°/(67) where A° is the Hamaker constant A° = 1073 erg,

but without an additive constant.?®?! If the denominators in Egs. (7 , 8) are approximated
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by 1 (i.e. considering (8h+/8z)% < 1), then Egs. (26 , 27) reduce to the equations presented

by Erneux and Davis in Ref. 21 for long wavelength disturbances on thin films, i.e.

85  8(us)
ot + oz 0
Ou Ou Py vOsou o ¢ 3A06

I i Ry Ly re R T (29)

Here we have a parameter 4 in the viscous term to which viscous forces inside the liquid
contribute one, shear stress at the interface contributes one, and normal stress contributes
two. The second term on the right-hand-side is a viscosity correction term which results
from the shear stress at the interface.

In the present analysis, no approximations are made in the formulation of the interface
conditions. In particular, the full curvature term is rétained in Eq. (10). This “ad-hoc”
assumption in an otherwise lower-order one-dimensional model follows the analyses and
observations by Ruckenstein and Jain,'® Eggers?? and Eggers and Dupont,? who studied the
dynamics of drop formation from cylindrical liquid jets or columns. Similar considerations
were made by Mehring and Sirignano™® who analyzed capillary waves on thin planar and
annular free liquid‘.f.ilms.

Egs. (26) and (27) have been used to study the dynamic stretching of a thin liquid film
subject to equal but opposite pulling velocities at both ends. Due to the symmetry, it
is sufficient to analyze only one half of the film. The configuration considered within the
present work is shown in Fig. 1, with the plane of symmetry located at z = 0. The film is
assumed to be iﬁitially undisturbed with §(z,0) = é; and u(z,0) =0for 0 < z .5 l; where
(2;) is the initial total length of the film. Boundary conditions in the plane of symmetry
at £ = 0 for t > 0 are given by (8§/0z) = 0 and u = 0. The pulling velocity u,(t) at
T = 1(t) = [; up(t') dt’ + |; was assumed to increase smoothly from 0 to a maximum steady

value U according to

ull(t), t] = up(t) = U/2[1 — cos (27t/T})] for 0<t<T,/2 and

up(t) =U for t>T,/2 (30)
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The film thickness ¢ at the pulling end was assumed to be fixed, i.e. 8[I(t),t] = 4.
With the prescribed initial and boundary conditions, Eqgs. (26) and (27) have been
solved numerically after nondimensionalization and after introducing the following coor-

dinate transformation:
T=t (31)

where 21(t) denotes the instantaneous total film leng'th.

With this change of variables, the problem becomes a fixed-boundary-value problem,
which greatly simpliﬁes its numerical analyéis. Note that, with increasing film length I(2),
the fixed spatial resolution in 7 used within the subsequent numerical analysis, corresponds
to a continuously decreasing resolution in z, i.e. physical space. Therefore, predictions for
film lengths at breakup and time until breakup have to be‘conéidered with some caution. It
is noted here that, the present work is focused on a description of film dynamics in the course
of film strétching (or compression) prior to film rupture and not on an exact prediction of
film length at rupture or time until film rupture. |

For the non-dimensionalization, the following non-dimensional variables have been em-
ployed,

LR R S
61" —U, —li, _li/uc’ -

where &;, l; and U denote the initial film thickness, initial film length and maximum pull

6*

(32)

velocity, as introduced earlier. The capillary velocity u, is given by u, = /o /(pd;). Intro-

ducing the prescribed transformation and non-dimensionalization, Eqs. (26) and (27) are

given by:
6* *
8 — +VWet—— [ ]8‘5 = (33)
l" 677
0
il milor ”
¢ o%u* 4¢ | , 06" ou*
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and Ohnesorge number, Weber number and nondimensional ‘modified’ Hamaker constant

with

A* given by

v/ 25.
Oh = We,we=“’U‘5’,,«1"-_—.i2
Re o 00}

(35)

where the Reynolds number Re is defined as Re = U §;/v.

Linear Analysis

We now consider a linear analysis of the described planar liquid film with its ends har-
monically modulaféd 180° out of phase keeping the symmetry . The average mean axial
velocity of the film is zero in this case and the average half-length is L. Therefore, here the
capillary velocity u, = \/;7;6—,- has been employed in order to nondimensionalize Eqs. (26)
and (27). |

Replacing variables 6*, u* and [* (now nondimensionalized using u. and §;) by their mean

and fluctuating values, i.e.
=146 , u=u , I'=L+!

linearization of Egs. (33) and (34) yields

88" 10

= 36
or* * L on (36)
ou' 4 10% , 1 1868 11 8%
o _ 210w gy 2% 2200 (37)
or*  ReL? On? Re?L on = 2L3on



with A’ = A/(pv?5;) and now n = z/L. Note that, in contrast to the nonlinear analysis
of the continuously stretched or compressed liquid bridge, the Reynolds number within this
linear analysis is based on the initial (undisturbed) film thickness é; and the.capillary velocity
u, = /o /pd;. A modal analysis of the above equations is conductéd by assuming wavelike

solutions of the form

5/ =a- ei (wr™ —k7) . (38)
w =b-e W —kn) (39)
(40)

where w is the non-dimensional oscillation frequency at a particular location along the film

and k = 276;/) is the wavenumber characterizing the disturbances appearing on the film.
Introducing the above equations for &' and ' into the linear equations Eq. (36) and

Eq. (37) yields the characteristic equation which determines the dependence of the distur-

bance wavenumbers k on the forcing frequency w.
2 _ 2 2_ 14
w =ik Jwt s —s =0 (41)

with K = k/L and w = /o /(p83) Q where Q denotes the dimensional forcing frequency.
In order to clearly illustrate the effects of viscosity, surface tension and intermolecu-
lar forces on the stability of the liquid film, Eq. (41) is solved for forcing frequency w in

dependence of real wavenumber «, i.e.

—~1/2
1], 4 .1 16
wip=={i—k %1 | =5k +124" k2 — 2k 42) .
A 2
2 1. Re Re e =
“~—~— molecular surface tension
viscous viscous

where A* = A'/Re? = A/(062) as already introduced earlier. In Eq. (42), the first term in
curly brackets and the first term in square brackets account for viscous effects. Note that,
the combined effect of both terms will always act stabilizing on the distorting film, i.e. result
in real values for w. The second and third terms on the right-hand-side of Eq. (42) account

for intermolecular forces and surface tension, respectively. While the former might result in
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film instability due to the production of a complex w-value with negative imaginary part;
the latter, by itself, will always produce real w-values indicative of a stable film. While the
surface tension represents the effect of intermolecular forces for larger thickness, it acts in
opposite manner to the ®-term which is intended to represent intermolecular forces in the
very thin film situation. That is, when the intermolecular forces act primarily on neighboring
molecules in the same surface layer as happens for thicker films, the effect is stabilizing and
is well represented by the surface tension formulation. However, when the intermolecular
forces act significantly upon molecules in the other surface layer of a very thin film, the
effect is destabilizing and is represented through the ®-term.

Eq. (42) show that, for k2 < 6A*, w will take only positive or negative imaginary values
w; and wy. The latter will result in an exponentially growing solution while the former will
produce a solution which decays exponentially in time. Note that the unstable growth rate
w, will be smaller than the decay rate w,. For 64* < k2 < 6A*/(1—8/Re?), the square-root
term in Eq. (42) will be positive but smaller than 4x?/Re. In this case, Eq. (42) will produce
solely exponentially decaying solutions. If k? > 6A4*/(1 — 8/Re?), the square-root term in
Eq. (42) will be complex and the resulting frequencies w; 2 will contain an exponentially
decaying part (due to viscous damping) and a travelling-wave part.

If the effect of intermolecular forces is neglected in the analysis, no film instability exists
and w has a double root at Re = 2v/2, i.e. w12 = 2ik?/Re with exponentially decaying
solutions only. Exponentially decaying solutions are also found for Re < 2v/2, however
here the decay rates associated with each solution of w are different. For Reynolds numbers
above 21/2 each solution for w is associated with an exponentially decaying solution and a
travelling-wave-type solution. Consider the linear boundary-value problem of a planar liquid
film bridge (i.e., a free liquid film bounded at both ends by a solid vertical surface) with
harmonic forcing of its ends at frequency w. Here, Eq. (41) has to be solved for wavenumbers
k dependent upon w. The prescribed modulation will result in a film distortion composed
of four wavenumbers since Eqgs. (36) and (37) form a fourth-order system. If intermolecular

forces are neglected, k; through k4 are given by
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1/2
Ki2 = kl,g/L = +2 [—zw (Re'l —+/Re % — 1/8)] )

1/2
K34 = k3af/L = £2 [-—z’w (Re‘l +yRe™? - 1/8>] (43)

where the ¢ + ' or ¢ - ’ sign relates to k; and k; or k3 and kg, respectively. Note that k;
(i = 1 through 4) are always complex. No film instability exists if intermolecular forces
can be neglected. Using the four solutions obtained for wavenumbers k; in (43), the general
solution to the described linear boundary-value problem is given by:

4
F=>a;-¢€ (wr*—kin) , o

i=1

4
Z bi . e‘i (wr*—k:in) , (44)
1=1

where, according to Eq. (36), the eight coefficients a; and b; are linearly dependent on each

other according to four relations

a;

ki
bWl (4)

The remaining four unknown coefficients are determined by four boundary conditions
imposed at the ends of the liquid bridge. For the present analysis, these boundary conditions

have been specified as

W'(7*,7 = £L) = £l cos (2rf )

§(r*,n==+L)=0 (46)

The prescribed boundary-value problem has been solved for a variety of Reynolds numbers

Re, forcing frequencies f = w/(2) and thickness-to-length ratios, i.e. L-values. -

111. RESULTS
A. Linear Analysis

We now describe the analytical results obtained for the linear boundary-value problem
specified in the previous section. Some figures also contain the corresponding numerical

solutions obtained by using the numerical scheme employed to solve the nonlinear distortion




of a continuously stretched or compressed film discussed later. The excellent agreement
between linear analytical and numerical solutions illustrates the proper implementation of

the lubrication equations Egs. (26) and (27), at least in the linear limit.

Eﬂéct of Changes in Reynolds number:
For large Reynolds numbers Re, viscous damping of the capillary waves generated by the
modulation at the film ends is very small and the instantaneous envelope in the film thick-
ness distribution is essentially uniform along the film. See Fig. 2. As the Reynolds number
decreases, capillary waves are subject to viscous damping and the maximum disturbance
amplitude in the film thickness is decreased and the amplitude of the instantaneous en-
velope in ¢’ along the film decreases towards the film center; see Fig. 3. As the Reynolds
number is decreased further, the decay rate of the described envelope towards the film center
increases. At low enough Re-values, no wave phenomena is observed. However, for the case
shown in Fig. 4, information on the film modulation still reaches the film center resulting in
a time-varying local extremum in ¢’. Variations in §’ are smallest at the film center. At very
low Reynolds numbers, information propagation is dominated by viscous effects; see Fig. 5.
We observed that, whereas the overall maximum disturbance amplitude in §’ (at a particular
time) decreases, its amplitude at the film center is increased. Spatial variations in ¢’ are
moderate at very low Reynolds numbers, approaching uniform instantaneous film thickness
along the film, with exception close to the film ends where 8’ = 0 has been enforced. For
the same case, the axial velocity profile along the film is nearly linear as the velocity at the

film ends reaches its maximum values (positive or negative).

Effect of Changes in Thickness-to-Length Ratio 1/L:
Comparison amongst Figs. 3, 4, 5 and Figs. 6, 7, 8 illustrates that, the characteristics of film
topology and film dynamics (including instantaneous maximum disturbance amplitudes) at
the film ends do not change with decreasing film thickness-to-length ratio. However, at

larger L-values the decay rate of the envelope in ¢’ along the film towards the film center is
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increased so that the center region remains essentially undisturbed. For very larger L-values,
~ decay rates of the envelope in the film thickness disturbance do not change significantly with

changes in L. This can be observed by comparing Fig. 7 and 9, for example.

Effect of Changes in Forcing Frequency f:
Changes in film distortion characteristics with increases in modulation frequency f (at con-
stant Re- and L-values), such as those observed in Figs. 4 and 10 or Figs. 5 and 11, resemble
those observed for the similar case but larger L-value if results are plotted over an axial
coordinate normalized by the'nondimeﬁsional film length L. See Figs. 10 and 7 or Figs. 11
and 8. Note however that maximum thickness disturbances are significantly smaller for the
case with increased forcing frequency. Also, recall that maximum disturbance amplitudes

did not notably change with changes in the thickness-to-length ratio (i.e. 1/ L-vallue) of the
film.

B. Nonlinear Analysis

The nonlinear analysis has focused on films which are continuously stretched or com-
pressed at their ends. Numerical solutions of the nondimensional nonlinear evolution equa-
tions were obtained explicitly by employing central differencing for the spatial derivatives in
combination with one-sided spatial differencing for the evaluation of the highest-order spatial
derivative at the pulling end. Time step A7* and mesh size An were fixed throughout each
simulation and have been chosen in order to guarantee stability of the numerical solution and
in order to provide an accurate prediction of film topology and film dynamics in the course of |
film stretching. The latter has been demonstrated by comparison with results using reduced
time-steps and/or mesh sizes. It is noted here once more that, predictions of film break-up
length and break-up time for significantly stretched films have to be considered with some
caution due to the deteriorating spatial resolution resulting from the transformation of the

stretching-film problem to a fixed boundary-value problem. Figs. 12 through 17 illustrate
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results for various combinations of Reynolds number Re and Weber number We at fixed
thickness-to-length ratio ¢ and constant Tp-value, i.e. ¢ = 0.1 and T, = 1, respectively.

Figs. 12 and 13 show the variation of film thickness and axial film velocity with time for
the case with We =1 and Re = 100. Note that We = 1 implies that the maximum pulling
velocity U equals the capillary wave velocity u, = W. Precisely, u. represents the
capillary wave speed for sinuous mode waves and not dilational waves as considered here;
the latter have been shown to be dispersive with wave velocity inversely proportional to
wavelength. For dilational waves of wavelength greater than 27d;, the wave speed is less
than u..” The nondimensional length = Is/l; at which the film ruptures is 2.42, with
rupture occuring after nondimensional time 7; = 7,/(l;/U) = 1.92. In this analysis, film
rupture is assumed to take place if the value of the film thickhess 6 reaches zero or drops
below zero value locally.

From Fig. 12, we observe the formation of a liquid wedge at the pulling end. Also,
capillary waves initially generated at the pulling end propagate into the film leading to an
absolute maximum in the film thickness at 7 = z/l = 0 before and at the time of film break-
up. For the same case as shown in Fig. 12, Fig. 13 illustrates the formation of a singularity
in the axial velocity at the point of film rupture, the latter being located close to the pulling
end dividing the film into a wedge-shaped region and a stretched film region.

Fig. 14 shows the similar case as in Fig. 12 but with a decrease in Weber number from
We = 1 to 0.01 (at fixed Reynolds number). Since We = (pU28;)/0 = U?/u2, where u.
denotes the capillary velocity, the lower Weber number indicates that the pulling velocity
is significantly smaller than the velocity at which the longer wavelength dilational capillary
waves propagate along the film. Accordingly, the time scale for the exchange of information
along the liquid film is significantly smaller than the time scale associated with the generation
of film disturbances due to the accelerating film. Consequently, a distinct liquid wedge at
the pulling end is no longer formed. As the film stretches over a longer period of time
without rupture, the film thickness at 7 = 0 continuously decreases at later times and its

maximum value is reached at the pulling end. The overall film length at breakup is increased,
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i.e. [; = 4.36 with film rupture taking place at a significantly later tixﬁe Ty = 35.75 than for
the case shown in Figs. 12 and 13.

Fig. 15 displays numerical results obtained for the case with Re = 100 and We = 100.
In this case, the maximum pulling velocity is significantly larger than the capillary wave
speed. Accordingly, the effects of film thinning by film stretching are not communicated
fast enough towards the film center such that, at the point of film rupture, the center of
the film remains essentially undisturbed with film thickness §*(n = 0, 77) close to 1. Due to
the significant increase in stretching/pulling velocity, the film breaks very early after only
7, = 0.79. However, due to the large value of U the film has already‘ stretched significantly
at the time of rupture, i.e. I} = 3.98. Note that this value is larger than the one predicted for
the case with decreased Weber number, whereas the opposite is true for the observed break-
up time 7;. Fig. 15 illustrates that an increase in maximum pulling velocity also resulfs
in a narrower film wedge (both in the transformed and the original spatial coordinates),
i.e. thinner thickness boundary-layer at the pulling end, and film breakup closer to the pulling
end. It is also interesting to note that for the case shown in Fig. 15, a singular behavior in
the axial velocity at the point of film rupture is no longer observed (not illustrated). Notable
differences between the results illustrated in Fig. 15 and the similar case with long-range
molecular forces considered, only appeared for film thicknesses below §* = 0.01. |

Fig. 16 illustrates a case for small Weber number and Reynolds nﬁmber, ie. We=10.01
and Re = 1. This can reflect a hundred-fold decrease in velocity from the case of Fig. 15.
Compaﬂson with Fig. 14 shows that break-up time and film length at rupture increase as
the Reynolds number is decreased from 100 to 1 (i.e. I} = 16.8 at 77 = 162.64). The break-
up time and length are also much greater here than for the case of Fig. 15. A long thin
liquid filament or band of “uniform” thickness is formed with a film wedge located at the
pulling end. Filament pinching occurs at its transition into the film wedge. Furthermore, in
comparison to the case shown in Fig. 12 and Fig. 13, the amplitude of the velocity singularity
which is forming at the pinch-point is greatly reduced.

The influence of a reduction in Reynolds number from Re = 100 to 1 for a larger Weber
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number case, i.e. We = 100, can be observed by comparing Fig. 15 and Fig. 17. For the
larger Re number case in Fig. 15, information is propagated into the film mainly due to
capillary waves, however, since the pulling velocity in this case is significantly larger than
the capillary wave velocity, the center of the film at n = 0 remained virtually undisturbed
by the pulling of its ends. On the other hand, for the same value of Weber number but
smaller Reynolds number, propagation of information from the pulling end into the film
is greatly determined by viscous diffusion. Consequently, the film thickness in Fig. 17 has
a local maximum at the centerline whose value continuously decreases as time progresses.
At the same time, film length at breakup and breakup time (i.e. l; = 3.77 and 73 = 0.77)
remain close to the values predicted for the larger Reynolds number case of Fig. 15. This
result, and the observation that the thickness boundary layer in Fig. 17 at the pulling end is
slightly smaller than that displayed in Fig. 15, shows that viscous diffusion results in a more
uniform film thickness in the stretched film region outside of the thickness boundary-layer,
i.e. away from the film wedge at the pulling end. Also, whereas for the smaller Reynolds
number case film thickness is more uniform away from the thickness boundary layer, film
pinching in the vicinity of the liquid wedge is more pronounced than for the corresponding
larger Reynolds number case at the same time (e.g. 7* = 0.7). In other words, the local
minimum in film thickness at the transition from film wedge to the outer stretched-film
region is more distinct in Fig. 17 than in Fig. 15. In fact, for the larger Reynolds number
case film distortion might be characterized as 'film tearing’ rather than ‘film pinching.’

Comparison of Fig. 17 with Fig. 16 also illustrates that for small Reynolds numbers, an
increase in Weber number results in a decrease in the size of the film thickness boundary-
layer. Note that such a layer was not observed for the case in Fig. 14 with smaller viscous
diffusion in comparison to the case of Fig. 16. This indicates, of course, that viscous diffusion
not only serves the propagation of information, but it also is effective in damping wave
amplitudes (via viscous dissipation) and in delaying film rupture, the latter occuring at
73 = 35.75 and I} = 4.36 in Fig. 14, whereas 7, = 16.80 and 7, = 162.64 for the case in
Fig. 16.
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Fig. 18 illustrates a case with Re = 1 and We = 1. Analogous to the similar case with
larger Weber number shown in Fig. 17, a distinct nia.xirnum in the film thickness develops
at the film center with its maximum value continuously decreasing. However, the stabilizing

effect of surface tension prevents film rupture in the lower Weber number case so that
| film stretching progresses over a much longer time-period resulting in more significant film
stretching before film rupture (I; = 8.63,7; = 8.13). In this context, the results of Fig. 18
for We = 1 resemble those of Fig. 16 for We = 0.01 (both for Re = 1), even though in the
latter case the film stretches over a longer distance resulting in a nearly uniform very thin
film region near the film center.

Comparison of Figs. 12, 18 and 19 illustx;ates the effect of changes in Reynolds number at
low Weber number (i.e. We = 1). As the Reynolds number is decreased from Re = 100 to
1, capillary waves are damped by viscous action, ﬁlm rupture is delayed and film stretching
is enhanced. Fig. 19 shows that for a very viscous film (i.e. very small Re-values), the film
thickness essentially decreases uniformly over the entire film as film stretching progresses.
Film rupture eventually occurs in the immediate vicinity of the pulling ends where‘é* =1
is enforced. The prescribed observation has also been made for the case of a compressed
highly viscous film (see below). It remains to be noted that, break-up length and time for
the case shown in Fig. 19 (i.e., I} = 5.52 and T, = 5.22) are not very different from those

observed for the case shown in Fig. 18.

Effect of Changes in ¢ or T,
The various cases discussed in the previous section have been analyzed with respect to
changes in thickness-to-length ratio of the film ¢ as well as with respect to changes in the
time interval T, over which the films ends are accelerated from zero velocity to the maximum
pull velocity U, in particular, ¢ was decreased from 0.1 to 0.01 and T, was increased from 1
to 10, respectively. Note that, a smaller ¢ value corresponds to a longer film assuming the
film thickness is kept constant.

Figs. 20 through 24 illustrate instantaneous film thickness distributions for the various
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cases (characterized by We and Re values) near the time of film rupture. Solid lines represent
results for the “base” cases discussed earlier, dashed and dot-dashed lines denote the results
for the corresponding cases (i.e., with same We- and Re-values) but with decreased (-
value or increased Tp-value, respectively. Fig. 23 contains an additional result for the case of
¢ = 0.025. Note that the results are plotted versus z/l; so that for direct comparison between
the ( = 0.1'resu1ts (solid and dash-dotted lines) and the ¢ = 0.01 result (dashed lines), the
latter has to be stretched by a factor of ten to give the dimensional length comparison,
assuming that the film thickness is the same in all three cases. Also, the characteristic time
used in the nondimensionalization is 7,¢f = l;/u.. This implies that, for direct comparison
between the ( = 0.01 and the ¢ = 0.1 results in one particular figure, the time associated
with the ¢ = 0.01 result has to be multiplied by a factor of ten to yield the same dimensional
time, again assuming the initial film thickness is the same in all 3 cases.

The figures illustrate that, for a particular combination of We and Re, nondimensional
film length, i.e. [/l; at the point of rupture is significantly smaller for the ¢ = 0.01 case.
That is, the initially thinner sheet requires a smaller fractional increase in length in order
to break. However, dimensional time until break-up and dimensional break-up length will
be significantly larger for the lower (-value. Recall in this context, that 7., = l;/u.. The
prescribed observation is particularly obvious in Figs. 20 and 22 through 24. For ( = 0.01
with Re =100 and We = 1 or 100 (Figs. 20 and 22), the center region of the film remains
essentially undisturbed throughout the simulation. However, for small Weber numbers (i.e.
We=0.01 at Re = 1 or 100), capillary waves from one end of the film are able to reach the
film center prior to film rupture resulting in a disturbed film center region. (See Figs. 21
and 23.) The similar observation is made for smaller Reynolds numbers but larger Weber
numbers (i.e. Re=1 at We = 100). Here, the viscous forces cause the film thickness to
decrease in the center region even for the smaller {-value case.

If the acceleration of the film ends is reduced by increasing T, from 1 to 10, the films
stretch further before rupture occurs. This is particularly obvious from Figs. 20, 22 and 24.

As the films are stretched over a longer time interval (prior to rupture), the film thickness in
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the film center region will be significantly smaller at the time of film rupture (in comparison
to the similar cases but smaller T}, value). See Figs. 20, 22, 24. The prescribed observation
is less pronounced in the low Weber number, low Reynolds number case, where the film
stretches signiﬁcantly even in the T, = 1, ¢ = 0.1 “base” case. Due to the delay in film
rupture the maximum film thickness in the film center at the time of rupture will be smaller
for larger T, value. However, due to the decreased film acceleration in this case, the film
thickness in the film center region at a given nondimensional time will be larger for smaller
T, values. See Fig. 21 in this context.

Table 1 summarizes the various parameter configurations analyzed within the presént
study including predictions of break-up length [}, break-up time 75 /¢ and film thickness in
the film center at the time of film rupture 6*(r},n = 0) for the various cases. Note that,
75 /¢ is proportional to the dimensional break-up time and ¢*(7;, 7 = 0) indicates the extent
to which the propagation of disturbances towards the center has proceeded at the time of

film rupture.

Film Compression
In order to illustrate how the dynamics 6f a planar film bridge can relate to the dynamics of
a free planar film, the present analysis was extended to include negative film end-velocities,
effectively leading to film compression. Fig. 25a illustrates a film compression case with
velocity boundary conditions according to Eq. (30) but with —U /2 instead of U/2. The
Weber number and Reynolds numbers in this case were 1 and 100, réspectiVer. A fluid
blob (i.e. a liquid cylinder) forms at the compression end(s) with capillary waves proceeding
the cylinder and propagating towards the film center. Figure 25b shows the predictions
obtained for the similar case but Re = 1 instead of 100. Here, a liquid rim is still formed at
the film ends. Due to increa.sed viscous damping, however, no capillary waves proceed the
rim. As the Reynolds number is further decreased, information from the film ends is rapidly
propagated to the film center via viscous forces. Consequently, the film thickness increases

more or less uniformly across the entire film except near the film ends due to the prescribed
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boundary condition § * (7*) = 1.

Figures 26a-c illustrate computational results presented by Brenner and Gueyffier!” for a
freely contracting film and for Weber numbers and Reynolds numbers comparable to those
shown in Figs. 25a-c, respectively. The observations made in Ref. 17 for the freely contract-

ing film are essentially the same as those described earlier for the compressed film bridge.

Neglect of Intermolecular Force Term
Figure 27 illustrates results for the same case as in Fig. 12 but with the effect on intermolec-
ular forces (modelled via the potential ®) neglected. Comparison between Figs. 12 and 27
shows that omission of the destabilizing effect of long-range intermolecular forces can prevent
film rupture and produce non-physical global ﬂov;/ features, such as the continuous shedding
of smaller ligaments from the pulling end. The ligament shedding has not been observed for
any of the other cases discussed in this work. However, it illustrates that the consideration

of a continuum model alone for the analysis of film rupture can produce misleading results.

IV. CONCLUDING REMARKS

The dynamic stretching (and compression) of a thin viscous liquid film in a void has
been analyzed by means of reduced-dimension or lubrication approach. The numerical im-
plementation of the nonlinear governing equations has been validated for the linear limit by
comparison with analytical linear results for a film bridge with harmonic modulations of the
axial film-end velocities. Nonlinear solutions for the continuously stretching film have been
presented for various Weber number and Reynolds number combinations, for two different
initial film-thickness-to-film-length ratios and at two different acceleration conditions for the
film ends. Consistent results are found from both the linear and nonlinear analyses. The
importance of the film stretching rate in comparison to either the capillary wave velocity
or the characteristic viscous velocity has been demonstrated. If the stretching rate is large,

the distortion signals are slow in reaching large distances from the forced end; so distortion
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is confined to a smaller portion of the sheet. For small stretching rates, the distortion is
significant over a larger portion of the film.

For films with an initial length-to-thickness ratio of O(10) and with a time-scale for film-
end acceleration (from zero to maximum pull velocity) comparable to the propagation time
of capillary waves from film end through film center, various distinct film topologies were
observed, depending on Weber number and Reynolds number. For cases with length-to-
thickness ratio of O(100) information on the acceleration of the film ends does not reach the
film center region. Here, evolution of film topology is similar for all the considered Weber
number and Reynolds number combinations; with a more or less undisturbed film center
region smoothly transitioning into a narrow liquid wedge at the pulling end. For cases with
low film-end acceleration, film rupture is significantly delayed resulting (in all the considered
cases) in a significantly stretched film prior to rupture with or without significant amounts
of fluid remaining in the film center region.

Nonlinear film distortion has also been investigated for the continuously compressed
planar film bridge, illustrating the relevance of the film bridge analysis for the contracting
an.d stretching of a free planar film such as those found in the atomization process of liquid

fuels in typical gas turbine combustors.
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Tables

We | Re ¢ Tp I /¢ | 8 (m,n=0) | Figure No.

1 100 0.1 1 2.42 19.2 1.25 12, 20 (solid)

1 100 | 001 | 1 | 152 | 102 1 20 (dashed)

1 [ 100 | 01 | 10| 645 | 1044 0.44 20 (dash-dotted)
100 | 100 0.1 1 3.98 7.9 0.98 15, 22 (solid)
100 | 100 [ 0.01 | 1 | 2.04 53 1 22 (dashed)

100 | 100 0.1 10 | 12.32 54.2 0.68 22 (dash-dotted)
001 | 1 0.1 1 | 16.80 | 1626.4 0.01 16, 23 (solid)
0.01 1 0025 | 1 6.14 | 2074.4 0.35 23 (dot-dot-dashed)
001 | 1 | 001 | 1 | 303 | 2080 114 33 (dashed)

0.01 1 0.1 10 | 16.31 | 1628.1 0.02 23 (dash-dotted)
0.01 | 100 0.1 1 4.36 357.5 0.03 14, 21 (solid)
0.01 | 100 | 0.01 | 1 | 150 | 552 1.07 21 (dashed)

001 | 100 | 01 |10 | 411 | 373.8 0.08 21 (dash-dotted)
100 1 0.1 1 3.77 7.7 0.49 17, 24 (solid)
100 | 1 | 001 | 1| 208 | 53 0.96 24 (dashed)

100 | 1 | 01 |10 | 7.65 | 447 0.22 24 (dash-dotted)

1 1 0.1 1 8.63 81.3 0.29 18

0.01 0.1 1 5.52 52.2 0.17 19

1 | 100 | 001 | 5 | 0.83 | 176 1 26 (2)

1 [ 1 [ 001 |5 | 070 | 215 1 26 (b)

1T [ 00L [ 001 | 5 | 056 | 247 1.65 26 (c)

Table 1: Summary of parameter survey including results for nondimensional values of break-up length I},
break-up time 77 /¢ and film thicknes at the film center during film rupture 6*(7;,n = 0).
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Figure 5:
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Figure 9:
Figure 10:
Figure 11:

Figure 12:
Figure 13:

Figure 14:

Figure captions

Schematic of investigated free stretching film configuration (h=14).

Solid: Linear analytical solution for Uy = 0.01, Re = 100, f=01L= 10. Dashed:

Numerical solution for the same case.

Solid: Linear analytical solution for Uy = 0.01, Re = 10, f = 0.1,L = 10. Dashed:

Numerical solution for the same case.

Solid: Linear analytical solution for Uy = 0.01,Re = 1, f = 0.1,L = 10. Dashed:

Numerical solution for the same case.

Linear analytical solution for U = 0.01, Re = 0.2, f = 0.1, L =10.
Linear analytical solution for Uy = 0.01, Re = 10, f = 0.1, L = 100.
Linear analytical solution for Uy = 0.01, Re = 1, f = 0.1, L = 100.
Linear analytical solution for Uy = 0.01, Re =0.2,f =0.1,L = 100.
Linear analytical.solution for Uy = 0.01,Re =1, f = 0.1, L = 250.
Linear analytical solution for Uy = 0.01, Re = 1, f = 0.5, L = 10.
Linear analytical solution for Uy = 0.01, Re = 0.2, f = 0.5, L =10.

Film thickness 6* as a function of time 7* and normalized spatial coordinate n for

We =1 and Re = 100 [} = 2.42, ; = 1.92].

Axial film velocity u* as a function of time 7* and normalized spatial coordinate 7 for

We =1 and Re = 100 [} = 2.42, 7y = 1.92].

Film thickness 6° as a function of time r* and normalized spatial coordinate 7 for

We = 0.01 and Re = 100 [I; = 4.36, 7} = 35.75].




Figure 15:

Figure 16:

Figure 17:

Figure 18:

Figure 19:

Figure 20:

Figure 21:

Figure 22:

Figure 23:

Figure 24:

Film thickness 0* as a function of time 7* and normalized spatial coordinate 7 for

We =100 and Re = 100 [I} = 3.98, 77 = 0.79].

Film thickness 6* as a function of time 7* and normalized spatial coordinate n for

We =0.01 and Re =1 [I; = 16.80, 7y = 162.64].

Film thickness ¢* as a function of time 7 and normalized spatial coordinate 1 for

We =100 and Re =1 [I; = 3.77, 7y = 0.77].

Film thickness ¢* as a function of time 7* and normalized spatial coordinate 7 for

We=1and Re =1 [l =8.63, 7, = 8.13].

Film thickness 6* as a function of time 7* and normalized spatial coordinate 5 for

We =1 and Re =0.01 [l =5.52, 7; = 5.22].

Film thickness 6* at various times 7* plotted versus normalized spatial coordinate z/I;
for We = 1 and Re = 100. Solid: ¢;/1;=0.1, T, = 1, dashed: 4;/1;=0.01, T, = 1,
dash-dotted: 4;/1;=0.1, T, = 10.

Film thickness ¢* at various times 7* plotted versus normalized spatial coordinate z/I;
for We = 0.01 and Re = 100. Solid: ¢;/1;=0.1, T, = 1, dashed: &;/1;=0.01, T, = 1,
dash-dotted: 4;/1;=0.1, T, = 10,

Film thickness §* at various times 7* plotted versus normalized spatial coordinate z/I;
for We = 100 and Re = 100. Solid: é;/1;=0.1, T, = 1, dashed: §,;/1;=0.01, T, =1,
dash-dotted: 4;/1;=0.1, T,, = 10.

Film thickness ¢* at various times 7* plotted versus normalized spatial coordinate z/l;
for We = 0.01 and Re = 1. Solid: 6;/;=0.1, T, = 1, dashed: §,/,=0.01, T, = 1,
dash-dotted: 0,/1;=0.1, T, = 10, dash-dot-dotted: ¢,/1;=0.025, T, = 1.

Film thickness 0* at various times 7* plotted versus normalized spatial coordinate z/I;

for We = 100 and Re = 1. Solid: 4;/1;=0.1, T, = 1, dashed: 4,//,=0.01. I, =1,
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dash-dotted: 4;/1;=0.1, T, = 10,

Figure 25: Film compression for We = 1 and Re = 100 (a), 1 (b) and 0.01 (c).

Figure 26: Film compression for We = 1, Re = 1. Results presented in Ref. 17 for contracting free
planar liquid film and Weber and Reynolds numbers comparable to those presented in

Fig. 25.

Figure 27: Film thickness 6* as a function of time 7* and normalized spatial coordinate n for We =

1 and Re = 100 and without the consideration of intermolecular forces, i.e. A* =0.
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